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�� BASIC FACTS ABOUT PSEUDODIFFERENTIAL OPERATORS

Let H be the Hilbert space of square�integrable functions � 
 Rn � CN � If

a�x� is a smooth bounded N � N matrix valued function on Rn we can de�ne a

linear operator A 
 H � H by �A���x� � a�x���x�� The same is true for Fourier
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transformed functions

���p� �
�

����n��

Z
eip�x��x�dnx�

we can de�ne B 
 H � H by

��B���p� � b�p� ���p�

for a bounded smooth function b�p� of the momentum p� Taking linear combinations

of products of operators AB one is naturally lead to the following construction� Let

a�x� p� be a smooth function of coordinates x and momenta p� Then under suitable

additional asymptotic conditions on the function a�x� p� �to which we shall return

below� the operator A 
 H � H is de�ned� at least in a dense subspace of H�

����� �A���x� �
�

����n

Z
e�ix�pa�x� p�eiy�p��y�dny dnp�

This is a pseudodi�erential operator with a symbol a� In the following we shall

restrict the class of symbols to so�called classical symbols� Note that if

a�x� p� �
X

ak�x�p
k�
� � � � pknn

is a polynomial in the momenta then A is just a linear partial di�erential operator�

De�nition ���� Let � be an open subset of Rn� The symbol class Sm���� where m

is an integer� consists of smooth �matrix valued� functions a�x� p� on � � Rn such

that there exists a sequence aj �x� p� of smooth functions� j � m�m� ��m� �� � � � �

with the homogenuity properties

aj�x� �p� � �ja�x� p� for � � � and jpj � �

and such that asymptotically

a�x� p� �
X

aj�x� p��

The last condition means that

c�x� p� � a�x� p� �

KX
i��

am�i�x� p�
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is in the class Sm�K��� ��� of functions c with the property

jD�
xD

�
p c�x� p�j � C�W��� ���� � jpj�m�K���j�j

in any compact subset W � �� Here

D�
p �

d��

dp���
� � �

d�n

dp�nn
and j�j � �� � � � � �n�

We shall study PSDO�s de�ned by symbols in Sm���� For example� all smooth

symbols which are polynomials in the coordinates pi are in Sm���� where m is the

degree of the polynomial� For this reason all partial di�erential operators which

smooth coe�cient functions are classical PSDO�s� Any smooth rational function is

in Sm for a suitable m� The function exp��p�� is in Sm for any m� we denote by

S�� the intersection of all Sm�s and we call operators de�ned by symbols in S��

in�nitely smoothing� Note that if a � S�� then we may choose all aj � �� Thus a

the asymptotic expansion does not determine the symbol �and associated operator�

uniquely� On the other hand


Theorem ���� Let am� am��� � � � be a sequence of symbols such that aj � Sj����

Then there exists a symbol a � Sm��� such that

a �
X
j�m

aj �

Proof� Choose compact sets W� � W� � � � � � � such that � � �jWj � Choose a

smooth function � 
 Rn � R such that ��p� � � for jpj � �	� and ��p� � � for

jpj 	 �� De�ne

a�x� p� �
�X
j��

��
jp�am�j �x� p��

where the 
j �s are small positive numbers such that

jD�
xD

�
p��
jp�am�j �x� p�j � ��j�� � jpj�m�j���j�j

for j�j � j � i and x �Wi�

We state without a proof �for a proof see M� Taylor
 Pseudodi�erential Operators�

Princeton University Press� �����
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Theorem ���� Let a � Sm and b � Sp and A�B the associated PSDO�s� Then

AB is represented by a symbol c � Sm�p with an asymptotic expansion

c � a 
 b �
X
�

��i�j�j

��
D�
p a�x� p�D

�
x b�x� p��

where �� � ��� � � � �n� and the sum is over all sequencies of nonnegative integers�

The content of the theorem is easy to understand
 Since pj is the Fourier trans�

form of the partial derivative operator Pj � �i �
�xj

we have the Heisenberg com�

mutation relations �Pj � xk� � �i�jk and the product rule is just the rule for the

rearrangement of the factors in the operator a�x� P �b�x� P � as c�x� P �� coordinates

on the left and momenta on the right�

We shall need some facts about traces of PSDO�s� Let us assume for a moment

that all functions have support in the box � � xi � L in Rn� We use the Fourier

basis �k �
�

Ln��
exp�ik�x� with k � �k�� � � � � kn� and Lki	�� �Z�Then the diagonal

matrix elements of a PSDO A� with a symbol a� are � kjAjk �� �
Ln

R
a�x� k�dnx�

Thus the trace is given by

trA �
�

Ln

X
k

Z
��xi�L

tr a�x� k�dnx�

where the trace under the integral is the N �N matrix trace of the symbol� In the

limit L � � the discrete sum over ki is replaced by an integral over continuous

momenta pi� with a measure dpi � ��dki	L� and the trace is

����� trA �
�

����n

Z Z
tr a�x� p�dnxdnp�

Assuming that the symbol� as a function of the x coordinate� is decreasing more

rapidly than �	jxjn at the in�nity� we conclude that the trace is absolutely converg�

ing if and only if a � Sm withm � �n� For example� in dimension n � � symbols of

decree � �� are trace�class whereas a symbol of decree �� has typically a logarith�

mically diverging trace� Higher order symbols have polynomially diverging traces

�as a function of a momentum space cut�o� jpj � ���

In quantum �eld theory a common PSDO is the Green�s function of a partial

di�erential operator� For example� the operator ��� k� has a symbol p�� k� and
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its Green�s function is �p� � k����� This is a symbol of degree ��� It has a �nite

trace �in a box of �nite size� only in dimension n � �� When n � � the trace is

logarithmically diverging�

Any PSDO of degree zero which has bounded support as a function of x de�nes

a bounded operator in the Hilbert space H� Denote

aq�p� � �����n��
Z
a�x� p�eix�qdnx�

Then

a�x� p� � �����n��
Z
aq�p�e

�ix�qdnq�

Because of

q�aq�p� � �����n��
Z
�iDx�

�a�x� p�eix�qdnx

we have

jaq�p�j � Cj�� � jqj�
�j

for any positive integer j� It follows that jjaq�D�ujjL� � Cj���jqj��j jjujjL�� Because

of a�x�D� � �����n��
R
exp��ix � q� aq�D�dnq and j exp�ix � q�j � � we get

jja�x�D�ujjL� � Cj

Z
�� � jqj��jdnq jjujjL� � C �jjujjL�

for j � n�

In the following the sign operator 
 of a Dirac operator in odd dimensions will

play a central role� Recall that the Dirac operator �in an euclidean space Rn� is

����� D � �i

nX
k��


k�k

where the 
k�s are complex ��n����� � ��n����� matrices�

���	� 
k
j � 
j
k � ��jk�

Thus the symbol of D is 
kpk �Einstein summation convention�� Because of ���	�

it has the property �
kpk�� � jpj�� The sign operator 
 � D	jDj has symbol p		jpj�

this has a singularity at p � � and we interprete 
 as the limit

����� 
 � limt���
p	� it

jpj� it
�



� JOUKO MICKELSSON

This means that the action of 
 on zero modes of D is de�ned as a multiplication

by i�

In the case n � � the sign operator is simply p	jpj� Since the symbol is constant

except at p � � its derivative is zero for large jpj and it follows that �
�A� is an

in�nitely smoothing operator for any PSDO A� This is true in particular when A

is a multiplication operator by a smooth function a�x�� Thus in the case of a �nite

box �
�A� is a trace�class operator� This proves that the multiplication operators

on a unit circle satisfy �
�A� � L�� �Functions on the unit circle are interpreted as

functions in ��� ��� � R with periodic boundary conditions��

In higher dimensions the situation is di�erent� The momentum space partial

derivatives of the symbol 
 are now symbols in S��� In n dimensions the only thing

we can say about the commutator �
�A�� when A is a multiplication operator by

matrix valued function a�x� such that �
k� a�x�� � �� is that it is an operator of

degree �� and therefore j�
�A�jj is trace�class for j � n� �We still assume that a�x�

has compact support��

�� WODZICKI RESIDUE AND CENTRAL EXTENSIONS OF ALGEBRAS

OF PSEUDODIFFERENTIAL OPERATORS

On the algebra of PSDO�s there is �and essentially unique� trace functional� In

dimension d � � this is known as the Adler�Manin residue� �Ad�Ma�� and is de�ned

as follows� Consider a classical PSDO with a symbol

a�x� p� � an�x� p� � an���x� p� � � � �

with ak�x� �p� � �kak�x� p� as usual� for � � � and jpj �� �� Note that in dimension

one we have exactly two independent alternatives
 either ak�x� p� � b�x�pk or

ak�x� p� � b�x�jpjk for large momenta� The Adler�Manin residue was de�ned under

the assumption that the �rst alternative is true and then

Res�a� �
�

��

Z
tr a���x� p � ��dx�

Under this assumption we can write

a�x� p� �
X
k�n

bk�x�p
k �
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In general� the residue is de�ned either by

����� Res�a� �
�

��

Z X
p���

tr a���x� p�dx

or by

Res��a� � Res�
 a��

where 
 � p	jpj� This is speci�c to dimension d � �� There are two linearly in�

dependent residues because the �sphere� jpj � � in the momentum space has two

disconnected components� In higher dimensions the sphere is connected and there

is only one residue� By construction� the residue is a linear functional� It also

satis�es the trace condition

����� Res�a 
 b � b 
 a� � ��

This is seen by a simple integration by parts procedure�

We can de�ne a central extension of the algebra of PSDO�s on a circle by� �Ra�

Kh�Kr��

���
� c�a� b� �
�

�
Res��� a�b�

where � � log�p� and� if not otherwise stated� the products of symbols are de�ned

as star products� Note that � is not a PSDO symbol but the commutator ��� a� is a

classical symbol for any PSDO a� The ��cocycle property

c�a� �b� c�� � c�b� �c� a�� � c�c� �a� b�� � �

follows from the fact that Res��� x� � � for any PSDO x and from the trace property

of Res�Actually� we have two di�erent central extensions because of the two di�erent

residues� we have also

����� c��a� b� �
�

�
Res���� a�b �

�

�
Res 
��� a�b�

If a� b are just functions of the coordinate x� then

����� c��a� b� �
�i

��

Z
a��x�b�x�
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which we recognize as the central term of an a�ne Lie algebra�

In higher dimensions the de�nition of the residue is

����� Res�a� �
�

����d

Z
dx

Z
jpj��

tr a�d�x� p�dp�

There is a more geometric de�nition
 Let � � pidxi be the symplectic ��form in

the phase space so that d� is the symplectic ��form�

Exercise Show that the form a�d�x� p���d��
d�� is closed outside the singularity

at p � ��

Let S be any surface with winding number equal to � around the point p in the

momentum space� Then

���	� Res�a� �
�

����d

Z
dx

Z
S

tr a�d��d��
d���

The value of the residue does not depend on the choice of S�

Remark The trace property Res�a� b� � � is in general guaranteed only on a

compact manifold without boundary �even if the x�integration is assumed to con�

verge�� Of course� on a compact manifold one has to use local coordinates and patch

together the residue formula from local pieces� On a noncompact manifold like Rd

the residue still makes sense provided that we put enough strong vanishing condi�

tion on the symbols at in�nity �in order to avoid boundary terms in integrations

by parts�� ja�x� p�j � � at least like jxj�d�� is su�cient�

The ordinary trace of a PSDO de�ned by a symbol a is

����� tr�a� �
�

����d

Z
tr a�x� p�dx dp

provided that the integral converges� this is the case if deg�a� � �d and then the

operator is said to be trace�class �the integral converges absolutely�� If this is not

the case we can de�ne a cut�o� trace

����� tr��a� �
�

����d

Z
dx

Z
jpj��

tr a�x� p�dp�

where � � � is a real parameter� If the degree n of a is an integer then asymptoti�

cally

������ tr��a� � �n�d�n�d � � � � ���� � �log log��� � ������
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where ����� has a �nite limit �� as � � �� Note that the logarithmic piece is

absent if the degree of a is not an integer� the logarithmic divergence is due to the

term a�d in the asymptotic expansion� Writing a�d �
b�x�p�
jpjd

� where b�x� p� is scale

invariant in momentum space� and performing �rst the radial integration and then

the angular integration in momentum space� we observe that Res�a� is equal to the

coe�cient �log of the logarithmic divergence� This shows that the operator residue

of an PSDO is equal to the Dixmier trace�

Note also that there is still another �trace� we can de�ne
 TR�a� � ��� In

general� TR�a� b� �� �� except when deg�a� b� �� �d� In physical applications p has

the dimension of momentum and therefore one has to replace log��� by log��	���

where � is some �xed scale parameter� The �nite part �� will then depend on the

choice of � and one should write TR��a� � lim���a������ as a reminder of the

scale dependence of the generalized trace�

As already said� on the algebra of PSDO�s in dimension d � � there is a unique

residue and for this reason there is �up to a scale and coboundaries� only one central

extension� de�ned by the ��cocycle

c�a� b� �
�

�
Res��� a�b�

where � � log�jpj�� However� for certain subalgebras we have more choices� A

cocycle which will be important in quantum �eld theory is de�ned as follows� First�

let 
 be a PSDO of degree zero such that 
� � � and ��� 
� � �� We de�ne Z� as the

algebra of bounded PSDO�s a acting on sections of a �xed vector bundle over the

physical space M of dimension d satisfying the condition deg�
� a� � �d	�� Note

that on a compact manifold any PSDO of degree strictly less than �d	� is Hilbert�

Schmidt� The set Z� is a subalgebra because the operators of degree less than n

form an operator ideal in the space of bounded PSDO�s� A PSDO is bounded i�

its degree is nonpositive�

We de�ne

������ c��a� b� �
�

�
Res 
��� a�b�
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Theorem ����� The bilinear form c� on Z� is a ��cocycle�

Proof� Denote

Res��a� � Res�
 a��

Since Res�a� b� � � for any pair of PSDO�s a� b we have

Res 
�
� a��
� b� � Res�a
b � 
ab � ab
 � 
a
a
�

� �Res�a
b � 
ab� � ��Res�
� a�b � ��Res
�a� b��

If now deg�
� a� � �d	� and deg�
� b� � �d	� then deg
�
� a��
� b� � �d and it follows

that the residue vanishes� Thus

����
� Res��a� b� � �

for any a� � b � Z�� Performing a partial integration in momentum space one gets

Res��� a� � � for any PSDO a� Since � commutes with 
� we have also

������ Res���� a� � �

although � is not a PSDO� De�ne

��a� b� c� � c��a� �b� c�� � c��b� �c� a�� � c��c� �a� b���

Then

������ ���a� b� c� � Res����� a��b� c� � ��� b��c� a� � ��� c��a� b���

Using ����
� and ������ we get

��a� b� c� � Res� �a��b� c�� �� � a���� b�� c� � a��c� ��� b�� � ��

by Jacobi�s identity� proving that c� is indeed a ��cocycle�
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� CANONICAL QUANTIZATION IN A FERMIONIC FOCK SPACE� BO�

GOLIUBOV AUTOMORPHIMS AND CENTRAL EXTENSIONS

Let H be a complex Hilbert space� We consider an algebra with a unit ��

the algebra of canonical anticommutation relations �CAR�� generated by elements

a�u�� a��v� with u� v � H� with the only relations

a��u�a�v� � a�v�a��u� � �v� u�

a�u�a�v� � a�v�a�u� � �

a��u�a��v� � a��v�a��u� � ��
���

and the relations arising from the requirement that u 
� a��u� is linear and u 
� a�u�

is antilinear� If H is �nite�dimensional� dimH � n� the CAR algebra has dimension

��n� otherwise it is in�nite�dimensional�

Suppose H � H� � H�� where H� are closed subspaces� Let �� be the cor�

responding orthogonal projections� Assume that the elements of the CAR algebra

are represented by linear operators in a Hilbert space F such that a��u� is the

adjoint of a�u� for any u � H� We say that this is a Fock representation with a

Dirac vacuum j� � if it is irreducible and there is a �normalized� vector j� �� F

such that

a�u�j� � � � for all u � H�

a��v�j� � � � for all v � H���
���

The vector j� � is sometimes called the �Dirac sea�� One can prove that for each po�

larization H � H��H� there is a �up to equivalence� unique Fock representation�

One has also the following theorem


Theorem ���� Two di�erent polarizations H � H� � H� � W� � W� de�ne

equivalent Fock representations of the CAR algebra if and only if the projections

W� � H� and W� � H� are Hilbert�Schmidt�

We skip the proofs� Concerning the basic properties of representations of CAR

algebra and references to original articles we refer to the review article �Ar�� Let
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g 
 H � H be a unitary operator� A Bogoliubov automorphism of the CAR

algebra is �xed by the conditions a��v� 
� a��gv� and a�v� 
� a�gv�� A unitary map

T �g� 
 F � F is a implementor of the Bogoliubov automorphism g if

�
��� T �g�a��v�T �g�� � a��gv� and T �g�a�v�T �g�� � a�gv�

for all v � H� Let us denote 
 � �� � ���

Theorem ���� A Bogoliubov automorphism g is implementable if and only if �
� g�

is Hilbert�Schmidt�

In a similar way� one de�nes Bogoliubov endomorphims and their implementors


now we are looking for antihermitean operators dT �X� 
 F � F such that

�
��� �dT �X�� a��v�� � a��Xv� and �dT �X�� a�v�� � a�Xv�

where X 
 H � H is antihermitean� The condition for the existence of dT �X� is

that �
�X� is Hilbert�Schmidt�

There is an explicite construction for operators �X � dT �X� satisfying �
���� Let

feng be a basis of H such that en � H� for n 	 � and en � H� for n � �� Denote

an � a�en� and a
�
n � a��en�� De�ne a normal ordering by


 a�nam 
�

�
�ama

�
n for n �m � �

a�nam otherwise

and set

�
�	� �X �
X

Xnm 
 a�nam 


where Xnm � �en�Xem�� The condition �
��� is checked by a direct computation

from the de�ning relations �
���� Note that for �nite matrices X

�
��� �X �
X

Xnma
�
nam �

X
k��

Xkk�

From this we get� for �nite matrices�

� �X� �Y � �
X

XnmYkl�a
�
nam� a

�
kal� �

X
�X�Y �ija

�
i aj �

��X�Y � �
X
k��

�X�Y �kk�



SECOND QUANTIZATION� ANOMALIES� AND GROUP EXTENSIONS ��

The constant term can be written as

�
��� c�X�Y � � tr���X�Y � �
�

�
tr 
�
�X��
� Y ��

The last form is continuous in the space of matricesX�Y � glres� Here the restricted

linear Lie algebra glres consists of bounded operators X such that �
�X� is Hilbert�

Schmidt� The topology is de�ned by the HS norm on the o��diagonal blocks and

by the operator norm on the diagonal blocks� Using the continuity of c one can

show that

�
���� � �X� �Y � ���X�Y � � c�X�Y �

for all X�Y � glres� �Lu��

Unfortunately� the HS condition is seldom satis�ed for operators of physical

interest� The important cases where the condition is satis�ed are local currents in

�� � �dimensional �eld theory models and external �eld scattering operators in all

dimensions�

Example Let X be a multiplication operator � 
� X�x���x� acting on vector

valued functions � on the circle and let H be the Hilbert space of square�integrable

functions �� Let 
 � p	jpj� the sign of the momentum operator on the circle� If X is

smooth the symbol of the commutator �
�X� is localized at p � � in the momentum

space and therefore de�nes a HS operator� In this case c�X�Y � can be explicitly

evaluated �Exercise�� and the result is

c�X�Y � �
�

��

Z
trX ��x�Y �x�dx�

Note that this is� modulo the sign� the same as the cocycle c� in Section �� There is

a direct way to see that these should be the same� Using 
� � � and the conditional

trace trC�X� �
�
� tr�X � 
X
� we �rst get

�

�
tr 
�
�X��
� Y � �

�

�
trCX�
� Y � �

�

�
trC��X
� Y �� 
�X�Y ���

The two terms on the right are not �even conditionally� trace�class but the diver�

gences cancel and therefore we may write

c�X�Y � �
�

�
TR �X
� Y ��

�

�
TR 
�X�Y ��
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The second term is a coboundary in the Hochschild cohomology and thus

c�X�Y � �
�

�
TR �X
� Y ��

For a trace of a commutator of PSDO�s there are local explicit expressions� �Wo�

CFNW�� One can show that

�
���� TR�a� b� � �
�

�
Res��� a�b

which gives immediately the result we want�

In higher dimensions local multiplication operators satisfy a weaker condition�

Let 
 � p		jpj be the sign of a �free� Dirac operator on a d�dimensional compact

manifold� Assuming that X commutes with the Dirac gamma matrices� the com�

mutator �
�X� has then the principal symbol

�
�X� � �i�

j
jpj

�
p	pj
jpj�

��jX � ���

which is a PSDO of order ��� This raised to power d � � for any positive � is

trace�class and therefore �
�X� � Ld�� where Lp is the Schatten ideal of operators

X such that jXjp is trace�class� We de�ne the Lie algebras glp as the Lie algebra

of bounded operators for which �
�X� � L�p� In particular� glres � gl��We have an

in�nite chain of Lie algebras gl� � gl� � gl� � � � �gl� with gl� the Lie algebra of

operators with �
�X� compact�

For example� in dimension d � 
� X � glres only when X is a constant� How�

ever� after subtracting a tail which behaves like �	jpj for large momenta� a local

multiplication operator X becomes a nonlocal operator which belongs to glres� For

example� when d � 
 an a Riemannian manifold we can set

�
���� �X � X �
i

�jpj�
�
k� 
l�pk�lX

and by a direct computation� using the de�ning property of Dirac matrices


k
l � 
l
k � ��kl�

one sees that in the commutator �
� �X� all the terms which are of order �	jpj cancel

and the commutator is an operator of order ��� But in three dimensions such an

operator is Hilbert�Schmidt and thus �X � glres�
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Next we shall explain a systematic way how to produce operators like �X sat�

isfying the HS condition and the current algebra anomalies to which this kind of

renormalization leads�

�� RENORMALIZATION IN EXTERNAL FIELD PROBLEMS AND CUR�

RENT ALGEBRA

We shall study massless Dirac fermions coupled to a gauge potentialA in Minkowski

space� The potential is a smooth ��form A��x� dx� in space�time with values

in the Lie algebra g of a compact gauge group G� The elements of g are repre�

sented by hermitean �according to physics literature convention� matrices in the

complex vector space CN � The free Dirac operator is then i
���� The metric is

x�x� � x�� � x�� � � � � � x�d� The Dirac gamma matrices satisfy 
�
	 � 
	
� � �g�	�


� is hermitean and 
k is antihermitean for k �� �� We �x a hermitean matrix  

such that  � � � and  
� � �
� � The chiral projectors are P� � �
�� � ���

The Dirac hamiltonian in background gauge �eld A is

DA � �
�
k�i�k �Ak� �A��

We shall assume that A�x� and its derivatives vanish faster than jxj�d�� when

jxj � ��

The one�particle scattering operator S is de�ned as the limit of the time evolution

operator in the interaction picture� UI�t��t�� S as t��� The time evolution in

the Schr!odinger picture is de�ned by

����� i�tU�t� t�� � h�t�U�t� t�� with U�t�� t�� � ��

and in the interaction picture by

����� i�tUI�t� t�� � VI�t�UI �t� t��� with UI�t�� t�� � ��

The interaction is VI�t� � eith�V �t�e�ith� � the total hamiltonian being h�t� � DA �

h� � V �t� with h� � D� � �i
�

k�k� The quantum divergences are related to the

fact that when V � �
�
kAk�x� t� � A��x� t� is the interaction with a Yang�Mills
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potential then the quantization of �UI�t���� for intermediate times t � � is not

well�de�ned� Let 
 � h�	jh�j be the sign of the free hamiltonian� Generically�

the Hilbert�Schmidt property for �
� V �t��� this makes the quantization of the time

evolution problematic�

The following renormalization makes UI quantizable� �M�� M�� LM�� For each

�smooth� potential A � A�dt�Akdx
k one de�nes a unitary operator TA in the ��

particle space with the following property� De�ne Uren�t� t�� � TA�t�UI�t� t��TA�t�����

Then �� �
� Uren�t� t��� is Hilbert�Schmidt� �� TA�t�� � as t� ��� The last prop�

erty quarantees that the renormalization does not a�ect the scattering matrix S

whereas the �rst condition guarantees that the renormalized time evolution is quan�

tizable in the free Fock space�

The Hilbert�Schmidt condition on operators �
� g� de�nes the restricted unitary

group U� � Ures of unitary operators g� �PrSe�� The second quantization of elements

in U� de�nes a central extension �U� as discussed in detail in �PrSe�� Now we have

a smooth path of operators g�t� � Uren�t� � Uren�t���� in U� with the initial

condition g���� � � and g���� � S�

The operator TA is not uniquely de�ned� It is more convenient to de�ne the

transformation �rst in the Schr!odinger picture ������ A simple formula which works

is �here A	 � 
�
kAk and E	 � �tA	� 
�
k�kA� � i�A�� A	��

���
� TA � exp

�
�

�
�
�

D�
� A	� �

�

�
�
�

D�
A	

�

D�
� A	��

i

�

�

D�
E	

�

D�

�
�

where it is understood that the singularity at the zero modes of D� is taken care

of by an infrared regularization� for example �
D�

� D�

D�

�
���

for some nonzero real

number �� In the interaction picture one uses the operator exp�ith��TA exp��ith���

Note that this choice commutes with the chiral projection operators P��

For the proof of validity of the choice ���
� it is convenient to use the symbol

calculus for pseudodi�erential operators�

The time evolution equation forUren�t� t�� � TA�t�U�t� t��TA�t���� in the Schr!odinger

picture is

i�tUren�t� t�� � �h� �W �t��Uren�t� t��

with

����� W �t� � �i�tTA�T
��
A � TA�h� � V �t��T��A � h��
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Expanding the exponential and arranging terms according to powers of the inverse

of momentum �i�e�� of D��� one gets �
�W � � R� �R� � � � � � where the dots denote

terms which behave explicitly as jD�j
k with k � �� for high momenta� and

R� �
�

�

D�

jD�j
A	 �

�

�
A	
D�

jD�j
�
�

�
jD�jA	

�

D�
�
�

�
D�A	

�

jD�j
�
�

�

�

jD�j
A	D� �

�

�

�

D�
A	jD�j

and the second term� which is quadratic in A	� is

R� �
�

�

�

D�
�jD�j� A	

��
�

D�
�
�

�

�
�

jD�j
� A	�

�
�
�

�
D�

�
A	

�

D�
A	�

�

jD�j

�
�

�
�

�

�
A	

�

D�
A	�

�

jD�j

�
D� �

�

�

�

D�

�
A	

�

D�
A	� jD�j

�
�
�

�

�
�

D�
A	

�

D�
� jD�j

�
�

D�
�

Since the commutator �jD�j
k� A	� is of order jD�j

k�� in momenta� all terms in R�

are actually of order �� or less� In order to estimate R� we write it in equivalent

form

R� �
�

�

D�

jD�j

�
�A	� jD�j��

�

jD�j

�
�
�

�

�
�A	� jD�j��

�

jD�j

�
D�

jD�j

and observe both terms are of order �� for the same reason as in the case of R��

We have disregarded all the low order terms because in three space dimensions the

condition that a PSDO is Hilbert�Schmidt �which was required for canonical quan�

tization� is precisely the requirement that the operator vanishes for high momenta

faster than jpj � jD�j raised to power �
	�� Thus after our renormalization ��

conjugation by the time�dependent unitary operator TA� the gauge interaction can

be lifted to a �nite operator in the fermionic Fock space�

The total renormalized hamiltonian is now a sum of the free �unbounded� self�

adjoint hamiltonian and the bounded self�adjoint interaction� By the Kato�Rellich

theorem the total hamiltonian is self�adjoint and according to Stone�s theorem it

de�nes the time evolution as a strongly continuous unitary one�parameter group in

the Fock space�

Current algebra

Let us next consider the e�ect of gauge transformations on states in the Fock

space� In � � � dimensions� and for chiral fermions� we already know that the

quantization introduces a central extension �a�ne Kac�Moody algebra� in the Lie

algebra of the group of gauge transformationsLG� In higher dimensions there is also
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an extension of the groupMap�M�G� but which is more complicated� in particular�

the �ber of the extension is an in�nite�dimensional abelian group� With �Map� we

shall always mean smooth functions and we either assume that M is compact or

M � Rd and the �elds and their derivatives decrease at least like �	jxjd�
 at in�nity�

We shall work in the hamiltonian formulation
 all �elds are de�ned at a �xed

time t � �� Let us denote by A the space of smooth vector potentials in the physical

space �we shall consider in detail the example dimM � 
 below��

In the �one�particle representation� the Schr!odinger wave functions ��A� are func�

tions of A � A taking values in the fermionic Hilbert space H� A gauge transforma�

tion g � Map�M�G� is acting through ���A� � g � ��g�� � A� on a wave function�

here g � A � gAg�� � gd�g���� In�nitesimally� we have the so�called Gauss law

generators

�GX���A� � X��A� � LX��A��

where the Lie derivative is de�ned as LX� �
d
dt��e

�tX �A�jt�� withX �Map�M�g��

The Gauss law generators satisfy the algebra �GX � GY � � G	X�Y 
�

The renormalization by the A�dependent unitary operator TA conjugates the

Gauss law generators to

����� �GX � T��A GXTA � T��A XTA � T��A LXTA � LX � ��X�A� � LX �

Note that

���X�A� �LX ���Y �A� �LY �

� ���X�A�� ��Y �A�� � LX��Y �A� � LY ��X�A� � �LX �LY �

� ���X�Y ��A� � L	X�Y 
�����

That is� the functions ��X� �� form a ��cocycle for the gauge action of Map�M�g��

The quantum wave function is a function ��A� taking values in the Fock space

F �

Proposisition� Let TA be de�ned by �	�
�� Then ��X�A� is in the Lie algebra of

Ures for any X �Map�M�G��
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Proof
 Since D�
A � T��A �h� � V �TA � h� �WA and �
�WA� is HS� we observe

that the sign 
��A� of the Hamiltonian D�
A di�ers from 
 by a HS operator� Let g

be a �nite gauge transformation�

�g � ���A� � �T��g�AgTA���g
�� �A� � ��g�A���g�� �A��

Thus

�
� ��g�A�� � 
T��g�AgTA � T��g�AgTA


� �T��g�A
Tg�A�gTA � T��g�Ag�TA
T
��
A �TA

� T��g�A

�
�Tg�A
T

��
g�A�g � g�TA
T

��
A �

�
TA

� T��g�A �
�g �A�g � g
�A�� TA

where we have used the equivariantness of the family of Dirac operators�

gDAg
�� � Dg�A�

Thus �nite gauge transformations satisfy the HS condition� considering one� pa�

rameter subgroups one proves the HS condition for the generators�

The asymptotic expansion for � is

���	� ��X�A� � X �
i

�

�p	� �	X�

jpj�
� ��� �O��
�

with

��� ��
�

�

�
k� A	�

jpj�
�kX �

�

�

�p	�A	�

jpj�
pk�kX

�
�

��

�p	�A	�

jpj�
�p	� �	X��

In the abobe formula the commutators are only �nite�dimensional matrix �not

star product� commutators� If X is any bounded bilinear quantity in the fermion

creation and annihilation operators such that its o��diagonal blocks in the one�

particle representation with respect to the energy polarization are HS� then the

second quantized operator �X is well�de�ned �after normal ordering� and� repeating

�
�����

����� � �X� �Y � ���X�Y � � c�X�Y ��
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where c is a Schwinger term� �Lu��

����� c�Y� Y � �
�

�
tr 
�
�X��
� Y ��

In the 
 � � dimensional case one just inserts from ����� to �����


������ c�X�Y �A� �
�

�
tr 
�
� ��X�A���
� ��Y �A���

Using the equivalence of the cocycle ������ with the local form� written in terms of

the residue� one gets

c�X�Y �A� � cloc �
�

�
Res 
��� ��X�A����Y �A��

This form of the cocycle can be computed more explicitly since the residue �in

three dimensions� depends only on the degree � �
 part of the operator and each

momentum space di�erentiation decreases the degree by one unit� thus the residue

is an integral of a local di�erential polynomial� In the case of chiral ���component�

fermions one gets� after a straightforward computation�

������ cloc�X�Y �A� �
i

����

Z
x

trA�dX� dY ��

which is the cocycle derived in �M
� F�Sh� in a di�erent context�

�� THE PHASE OF THE QUANTUM SCATTERING MATRIX� INFINITE�

DIMENSIONAL GROUPS AND THE LAMB SHIFT

Let �G be a central extension of a Lie group G by C� � The Lie algebra �g of �G is

a vector space direct sum g � C � Let � be the projection on the second summand

and let � � g��dg be the left Maurer�Cartan one�form� We can then de�ne a

complex valued one�form � on �G by � � ����� This is a connection form in the

principal C� bundle �G� G� Its curvature is a left invariant two�form on G given

by ��X�Y � � c�X�Y �� where left invariant vector �elds X�Y on G are identi�ed as

elements of the Lie algebra and c is the ��cocycle on g de�ning the central extension�

����� ��X���� �Y� ��� � ��X�Y �� c�X�Y ���
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Denote by GL� the group of invertible linear transformations g 
 H � H such

that �
� g� is Hilbert�Schmidt so that U� is its unitary subgroup� Let us apply the

above remarks to G � GL�� and to the Lie algebra cocycle c arising when promoting

the one�particle operators to operators in the fermionic Fock space� as discussed in

the previous sections�

The central extensiondGL� is a nontrivial C� bundle over the base GL�� �PrSe��

The elements of the groupdGL� �containing the unitary subgroup �U�� can be thought

of equivalence classes of pairs �g� q�� where g � GL� and q 
 H� � H� is an

invertible operator such that a � q is a trace�class operator�

����� g �

�
a b
c d

�
�

We have assumed that ind a � �� If this is not the case� the subspace H� must be

either enlarged or made smaller by a suitable �nite�dimensional subspace in order to

achieve ind a � �� The equivalence relation is determined by �g� q� � �g�� q�� if g � g�

and det�q�q��� � �� Thus the �ber of the extension is C� and it is parameterized

by �the nonexisting � determinant of q�

The product is de�ned simply �g� q��g�� q�� � �gg�� qq��� Near the unit element in

GL� we can de�ne a local section g 
� �g� a�� �PrSe�� Denoting

g�� �

�
� �

 �

�

we can write the connection form as

���
� �g � tr ��g��dg�a � q��dq� � tr��da� �dc� q��dq��

The curvature of this connection at g � � is

����� � � �tr�dbdc��

Interpreting the tangent vectors at g � � as elements in the Lie algebra we obtain

��X�Y � � �tr�b�X�c�Y �� b�Y �c�X�� �
�

�
tr 
�
�X��
� Y ��

Thus the curvature of the connection is directly given through the Lie algebra

central extension as promised�
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We compute the parallel transport determined by the connection in the range

of the local section� Let g�t� be a path in GL�� �T � t � T� with g��T � � �� The

lift �g�t�� q�t�� is parallel if

� � �g�t��q�t��dg� dq� � tr���t�a��t� � ��t�c��t� � q�t���q��t���

Thus the parallel transport� relative to the trivialization g 
� �g� a�� along the path

g�t� in the base is accompanied with the multiplication by the complex number

����� expf�

Z T

�T

tr����t� � a�t����a��t� � ��t�c��t��dtg

in the �ber C �

Formally�

tr q��q� � tr��a� � �c��

and so

det q�T � � exp

Z T

�T

tr���t�a��t� � ��t�c��t��dt

and also

det a�T � � exp

Z T

�T

tr a�t���a��t�dt�

Individually� the traces in these two expressions do not converge� but putted to�

gether the trace converges and gives

����� det�a�T �q�T ���� � expf

Z T

�T

tr���� a���a� � �c��dtg�

Note that the exponent diverges outside of the domain of the local section� re"ecting

the fact that det a�T � � � outside of the domain�

We can now apply the above results to the �renormalized� one�particle time

evolution operators g�t� � Uren�t� in the interaction picture� Let us� for the sake

of simplicity� assume that the interaction is switched o� outside of a �nite interval

��T� T � in time� Thus the ��particle scattering operator is SA � Uren�T � � U�T ��

For all times t� g�t� � U�� On the other hand� in the Fock representation of dGL�

these correspond to elements �g�t� in the central extension �U�� The phase of the

quantum time evolution operator is then uniquely given by the parallel transport

described above�
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The Minkowskian e�ective action Z�A� is by de�nition the vacuum expectation

value of the quantum scattering operator �SA� The vacuum is invariant under the

free time evolution exp�itD�� and taking into account the assumption that the

interaction has essentially compact support in time� we can write

���	� Z�A� �� �j�g�T �� q�T ��j� � �

The vacuum expectation value is given by a simple formula� �PrSe� M���

����� � �j�g� q�j� �� det�aq���

and therefore the parallel transport �with respect to the given local trivialization�

is equal the e�ective action Z�A��

Let us compute log�Z� to the lowest order in the interaction A in the case of

QED� i�e�� massive fermion coupled to a Maxwell potential� Because of the unitarity

relation a�a�c�c � � the inverse a�� � a� modulo terms of orderA� since the the o�

diagonal blocks of the time evolution g�t� must contain the potential at least to order

one� For this reason the term ��� a���a� in the phase does not give contributions

to the order A�� On the other hand� because of unitarity� �c� � c�c� � �bc� modulo

terms of order higher than two�

Next we use the Dyson expansion

����� g�t� � �� i

Z t

��

VI�s�ds � ��i��
Z
t�s��s�

VI�s��VI�s��ds�ds� � � � �

for the time evolution operator in the interaction picture� This gives the lowest �A�

term� for log�Z��

log�Z� �

Z
s�t

tr ��VI�s���VI�t���dt ds�

We shall use the integral representation

�

��i

Z
tr

p	 �m

p� �m� � i

eip�Tdp�

� 
����T ���h��p��e
�iT�p � ���T ����h��p��e

iT�p �������

where �p �
p
p� �m�� ��x� � � for x 	 � and ��x� � � for x � � and h��p� �


�
kpk�
�m is the momentum representation for the free Dirac hamiltonian� In the
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usual QED perturbation theory the second order e�ect is given by the �diverging�

Feynman integral

������
�

��

Z
tr

p	 �m

p� �m� � i

�A	�p� q�

q	�m

q� �m� � i

�A	�q � p�d�p d�q�

By a Fourier transform of the potential in the time variable this integral can be

written as

�

���

Z
tr

p	�m

p� �m� � i

eis�p��q��A	�s�p�q�

q	�m

q� �m� � i

eit�q��p��A	�t�q�p�ds� dt d�p d�q�

Using the trick ������ we can write the integral as

�
�

�

Z
tr���s � t���h��p��e

�i�s�t�h��p� � ��t � s����h��p��e
�ih��p��s�t��

�A	�s�p � q����t � s���h��q��e
�i�t�s�h��q� � ��s � t����h��q��e

�i�t�s�h��q��

�A	�t�q � p�e�ih��q��t�s�ds dt d�p d�q�

Since ��T ����T � � � and ��T �� � ��T � we get

Z
tr ��s � t���VI�t���VI�s���ds dt

which is exactly the second order term in our geometric de�nition of log�Z�� Note

that this discussion is formal in the sense that diverging Feynman integrals are

involved� However� we may apply some renormalization method �for example� the

family of TA operators described earlier� to bring the time evolution to the group

U�� in order to make sense of these integrals�

More on in�nite�dimensional groups and QED� see �GB�V�� on the connection of

CAR representations and determinant bundles� �PrSe� M�� SW��

�� THE BUNDLE GERBE APPROACH TO HAMILTONIAN ANOMALIES�

THE DIXMIER�DOUADY CLASS

In this section we want to describe a more geometric approach to the problem of

construction of the family of Fock spaces parametrized by external vector potentials

and the action of the gauge group� Actually� the method here is very general and
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applies as well to the case of an external metric �eld or any other interactions for

that matter� In order to keep the discussion as simple as possible we shall restrict

to the case of vector potentials�

The fermionic Fock spaces parametrized by Yang�Mills potentials form a vector

bundle F over the space A� In the case of chiral massless fermions there are sub�

tleties in de�ning this bundle� The di�culty is related to the fact that the splitting

of the one particle fermionic Hilbert spaceH to positive and negative energies is not

a continuous function of the external �eld� One can easily construct paths in the

space of external �elds such that at some point on the path a positive energy state

dives into the negative energy space �or vice versa�� These points are obviously

discontinuities in the de�nition of the space of negative energy states and therefore

the fermionic vacua do not form of smooth vector bundle over the space of external

�elds� This problem does not arise if we have massive fermions in the temporal

gauge A� � �� In that case there is a mass gap ��m�m� in the spectrum of the

Dirac hamiltonians and the polarization to positive and negative energy subspaces

is indeed continuous�

If � is a real number not in the spectrum of the hamiltonian then one can

de�ne a bundle of fermionic Fock spaces F �A�� over the set U� of external �elds

A� � 	� Spec�DA�� The vacuum in F �A�� is de�ned by the polarization of the one�

particle space to positive and negative spectrum of the operator DA � �� It turns

out that the Fock spaces F �A�� and F
�
A��� are naturally isomorphic up to a phase�

The phase is related to the arbitrariness in �lling the Dirac sea between vacuum

levels �� ��� Such a �lling is given corresponds �because of the anticommutation

relations� to an exterior product v� � v� � � � � vm of a complete orthonormal set of

eigenvectors DAvi � �ivi with � � �i � ��� A rotation of the eigenvector basis

gives a multiplication of the exterior product by the determinant of the rotation�

Thus there is a well�de�ned complex line DET����A� for each A � U� �U�� � U���

and

����� F �A��� � F �A�� �DET����A�

over the intersection set� We setDET��� � DET����� for � � ���Note that from these

de�nitions follows immediately that the line DET���� can be naturally identi�ed
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as DET��� �DET����� � i�e�� the local line bundles DET��� form a cocycle over the

open cover fU�g of A� In order to compensate the dependence on � in the de�nition

of the Fock spaces we search for a family of complex line bundles DET� over the

open sets U� such that

����� DET�� � DET��� �DET�

over U��� � Obviously� the cocycle property of the of the line bundles DET��� is a

necessary condition for the existence of the family of bundles DET�� It is not very

hard to prove that this is also a su�cient condition� This follows also form the

general theory of bundle gerbes �Mu� since A is topologically trivial�

We de�ne the tensor product

���
� FA�� � F �A�� �DETA���

Using ����� and ����� we observe that the right�hand side is independent from �

and one has a well�de�ned bundle F of Fock spaces over all of A�

Next one can ask what is the action of the gauge group in F � The gauge action

in U� lifts naturally to F
�� Thus the only problem is to construct a lift of the action

on the base to the total space of DET�� Note that the determinant bundle here

is a bundle over external �elds in odd dimension� and therefore one would expect

that it is trivial �curvature equal to zero� on the basis of families index theorem�

However� it turns out that the relevant determinant bundle actually comes from a

determinant bundle in even dimensions� Instead of single vector potentials we must

study paths in A� thus the extra dimension� The relevant index theorem is then

the APS theorem for even dimensional manifolds with a boundary� physically� the

boundary can be interpreted as the union of the space at the present time and in

the in�nite past� �CaMiMu��

We recall some facts about lifting a group action on the base space X of a

complex line bundle to the total space E� Let � be the curvature ��form of the line

bundle� It is integral in the sense that
R
� over any cycle is ��� an integer� Let G

be a group acting smoothly on X� Then there is an extension �G which acts on E

and covers the G action on X� The �ber of �G � G is equal to Map�X�S��� As a
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vector space� the Lie algebra of the extension is g�Map�X� iR�� The commutators

are de�ned as

����� ��a� ��� �b� ��� � ��a� b�� ��a� b� � La� � Lb��

where a� b � g and �� � 
 X � iR� The vector �elds generated by the G action on

X are denoted by the same symbols as the Lie algebra elements a� b� thus ��a� b� is

the function on X obtained by evaluating the ��form � along the vector �elds a� b�

The Jacobi identity

���a� b�� c� � La��b� c� � cyclic permutations � �

for the Lie algebra extension �g follows from d� � ��

What we need is a formula for the curvature of the line bundles DET� along

gauge directions� Not surprisingly� this is given by a reduction from a secondary

characteristic class� Recall that in even space�time dimensions the Chern class of

the determinant line bundle is obtained by starting from an appropriate charac�

teristic class �the class appearing in the index formula of Dirac operators� in two

higher dimensions and then integrating over the space�time manifold� this leaves a

closed integral di�erential form of degree two on the parameter space of the Dirac

operators� �AS�� In the odd dimensional case here one starts from the APS index

formula on a manifold with a boundary� �APS�� The formula contains two pieces on

the right�hand side� The �rst is an integral of a local di�erential polynomial �the

same as in the case without boundary� and the second is the so�called eta�invariant

which contains nonlocal information about the spectrum of the boundary Dirac

operator� The essential property of the eta�invariant is that it is gauge invariant�

For that reason it does not give a contribution to the curvature of the determinant

bundle along gauge orbits� Everything comes from the local di�erential polynomial�

the non� gauge invariant piece of the latter comes from the boundary and is equal

to a secondary characteristic class� In simple situations this is just a Chern�Simons

form�

Integrating the Chern�Simons form in �n�
 dimensions over the �n�� dimen�

sional physical space gives a ��form along gauge orbits�
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For example� when dimM � �� starting from the Chern�Simons form �
�
� tr�AdA�

�
�
A�� we get

����� �A�X�Y � �
�

��

Z
S�
trA��X�Y ��

the curvature at the point A in the directions of in�nitesimal gauge transformations

X�Y� �Note the normalization factor �� relating the Chern class to the curvature

formula�� This is not quite the central term of an a�ne Kac�Moody algebra� but

it is equivalent to it �in the cohomology with coe�cients in Map�A� C ��� In other

words� there is a ��form � along gauge orbits in A such that d� � � � c� where

����� c�X�Y � �
i

��

Z
trX��Y

is the central term of the Kac�Moody algebra� considered as a closed constant

coe�cient ��form on the gauge orbits� There is a simple explicit expression for ��

�A�X� �
i

��

Z
trAX�

When dimM � 
 the curvature �or equivalently� the Schwinger term� is obtained

from the �ve dimensional Chern�Simons form

CS
�A� �
i

����
tr�A�dA�� �




�
A�dA�




�
A
��

By the same procedure as in the one dimensional case we obtain

���	� �A�X�Y � �
i

���

Z
tr
�
�AdA � dAA �A���X�Y � �XdAY A � Y dAXA

�
�

This di�ers from the FM cocycle

��A�X�Y � �
i

����

Z
trA�dXdY � dY dX�

by the coboundary of

�i

����

Z
tr�AdA � dAA �A��X�

The Dixmier�Douady class
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Let PF be the bundle of projective Fock spaces FA	C� over A� Because the

action of G on A lifts to the total space F modulo A�dependent phases arising

from the Schwinger terms the group G acts on PF � The action of the subgroup

G� of based gauge transformations is free and therefore we can de�ne the quotient

bundle PF	G� over the manifold A	G�� This projective bundle is nontrivial in the

sense that there is no Hilbert bundle H over A	G� whose projectivization would

be equal to PF	G�� �Se�� The obstruction to constructing the Hilbert bundle is a

certain element �� � H��A	G��Z�� called the Dixmier�Douady class of the bundle�

�Br�� The relation of the DD class to quantum �eld theory was recently clari�ed by

Carey and Murray� �CaMu�� see also �CaMuWa�� �M��� I shall brie"y describe the

construction of �� below�

We need a locally �nite partition of unity on X � A	G� subordinate to the

covering by the open sets V� � ��U�� where � 
 A � A	G� is the projection� On a

locally compact manifold there exists always a partition of unity subordinate to a

given open cover� However� in this case X is not locally compact and we have no

proof of the existence of the partition of unity� For that reason we assume that X

stands for any �nite� dimensional submanifold of A	G� or any other submanifold

such that there is a partition of unity ff�g subordinate to the open sets X � V��

Let ���� be a representative for the Chern class of the bundle DET��� � Because of

the cocycle property of the line bundles we can choose the ��forms ���� such that

����� ���� � ������ � �����

The forms ���� on U��� descend to forms on V����

We de�ne

����� ���x� �
X
��

�����x�f�� �x�

at points x � V�� Now we have

������ �� � ��� �
X
���

������ � �������f��� �
X
���

����f��� � ����

by ����� and by
P

f��x� � �� on the intersection V���� The forms �� are not closed

but on the intersection V��� we have d�� � d��� since ���� is closed� Thus we may
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patch together the closed forms d�� to a global closed form �� on X� This is the

Dixmier�Douady class of the projective bundle PF �

The above construction is an example of a bundle gerbe� introduced by Murray�

�Mu� �which in turn is a specialization of the more general theory of gerbes� �Br���

A bundle gerbe is de�ned as follows� Let � 
 Y � X be some �bration� in general

this is not locally trivial� so Y does not need to be a �ber bundle over X� Let

Y 	�
 � f�y� y�� � Y � Y j��y� � ��y��g�

A bundle gerbe is a principal C� bundle P over Y 	�
 with a smooth associative

composition map

P�x�y� � P�y�z� � P�x�z��

The bundle gerbe has also an identity �which is a section of P over the diagonal

Y � Y 	�
� and an inverse P�x�y� � P�y�x�� p 
� p���

Example Let X � A and Y � f�A���jA � A� � 	� Spec�DA�g� � 
 Y � X

is the natural projection� In this case Y 	�
 � f�A��� ���j�� �� 	� Spec�DA�g� The

bundle P over Y 	�
 is obtained as the collection of the line bundles DET��� �with

the zero section deleted� over the sets f�A��� ���jA � U���g � Y 	�
� Similarly� a

curvature form � for P is obtained by patching together the local ��forms �����

The �ber product is given by the natural identi�cation of DET��� �DET����� and

DET���� � Since the bundles DET��� descend to V��� and the forms ���� are gauge

invariant� the whole construction descends to the quationt by G� producing a bundle

gerbe over A	G��

In the above example the bundle gerbe over A is trivial �since A� is "at� which

means that

P � ��
��L� � ��

��L���

for some line bundle L over Y� In our example L is obtained by patching together

the local bundles DET�� However� the corresponding bundle gerbe over A	G� is

nontrivial� The obstruction to trivializing P	G� is given by the Dixmier�Douady

class �����

In general� the DD class is constructed starting from the short exact sequence
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of de Rham complexes

�� ���X�

�

� ���Y �

�

��
�
�

� ���Y 	�
� � Im���
� � ��

��� ��

This induces a long exact sequence in cohomology


� � � � Hq�X�

�
� Hq�Y �


�
��
�

�

� Hq

�Y

	�
�
�
� Hq���X�� � � �

where Hq

 denotes the image of ��

����
�� The form �� which we constructed above

is actually equal to ����� However� the same reservation applies to the use of the

exact sequence as we had before in the construction of �� 
 The construction of the

map � uses a locally �nite open cover� so strictly speaking it is valid only in the

case of locally compact manifolds�

	� Ures BUNDLES AND FAMILIES OF FOCK SPACES

Let H � H� �H� be a polarization of a Hilbert space H into a pair of closed

in�nite�dimensional subspaces� We denote by Ures the restricted unitary group

de�ned by this polarization�

There is an imbedding of Ures in the projective unitary group of the skew sym�

metric Fock space �determined by the polarization H � H� �H�� the �Dirac sea�

construction�� �PrSe��

Let Gr be the space of all closed in�nite�dimensional subspaces of H with the

topology determined by operator norm topology for the associated projections� We

may think of Gr as the homogeneous space

U�H�	�U�H��� U�H����

Here all the groups are contractible �in the operator norm topology� and therefore

there is a continuous section Gr � U�H�� that is� for W � Gr we may choose a

gW � U�H� which depends continuously on W� such that W � gW �H��

The example we shall study below comes from a quantization of a family of Dirac

operators DA parametrized by smooth �static� vector potentials A�
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Choose a real number � such that D � DA�� is invertible� The set of bounded

operators X such that jjXjj � jj�	Djj�� is an open set V containing � and the

function X 
� jD �Xj���D� �X� is continuous in the operator norm of X� this

is seen using the geometric converging geometric series �D�X��� � �
D �

�
DX

�
D �

� � � � Since the operator norm of the interaction A depends continuously on the

componentsAi of the vector potential �with respect to the in�nite family of Sobolev

norms on A� we can conclude that A 
� 
A�� � �DA � ��	jDA � �j is continuous�

Thus also the spectral projections P��A��� � �
�
�� � 
A��� are continuous and

H��A��� � P��A���H � Gr depends continuously on A � U�� On the other

hand� we know that there is a section Gr � U�H� and therefore we may choose

a continuous function A 
� g��A� � U�H� such that H��A��� � g��A� � H��

We shall show that these de�ne transition functions� g����A� � g��A���g���A��

for a principal Ures bundle P over A� By construction� these satisfy the cocycle

property required for transition functions so the only thing which remains is to

prove continuity with respect to the topology of Ures�

The topology of Ures is de�ned by the operator norm topology on the diagonal

blocks �with respect to the energy polarization H� � H� �xed by the free Dirac

operator D�� and by Hilbert�Schmidt norm topology on the o��diagonal blocks�

Denote P� � P��A�� �� and 
 � P��P��We already know that the g����s �assume

e�g� that � � ��� are continuous with respect to the operator norm topology and we

need only show that the o��diagonal blocks �
� g���� are continuous in the Hilbert�

Schmidt topology� Let us concentrate on the upper right block K�� � P�g���P��

Multiplying from the left by g� and from the right by g���� and using the fact that

Hilbert�Schmidt operators form an operator ideal with jjgKjj� � jjgjj � jjKjj� we

conclude that K�� is continuous in the Hilbert�Schmidt norm if and only if

g���g
��
� g����g

��
��

is a continuous function of A in the Hilbert�Schmidt norm� Now the product of the

�rst three factors in the above expression gives P��A��� whereas the product of

the last three factors is P��A����� But P��A���P��A���� is the spectral projection

P ��� ��� to the �nite�dimensional spectral subspace corresponding to the interval

��� ���� On the other hand� the dimension of this subspace is �xed over U��� and
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therefore the Hilbert�Schmidt norm of the projection� which is the square root of its

rank� is continuous� Furthermore� since P ��� ��� is continuous in the operator norm

and it has a �xed �nite rank it is also continuous in the Hilbert�Schmidt norm�

We denote by Grres the restricted Grassmannian� de�ned as the orbit Ures �H�

in Gr� The �ber PA at A � A can be thought of as the set of all unitary operators

T 
 H � H such that T���H��A���� �for any �� is in Grres� This is because g��A�

provides such an operator for any A � U� and any two such operators di�er only

by a right multiplication by an element of Ures

Being a principal bundle over a contractible parameter space� P �A is trivial�

On any U� the function A� P��A��� is continuous and

T��A P��A���TA � Grres�

Over Grres there is a canonical determinant bundle DETres� The action of Ures on

Grres lifts to an action of �Ures on DETres� �PrSe��

Using these maps A � P��A��� we can pull back the determinant bundle

DETres over Grres to form local determinant bundles DET� over U�� This family

is the right one for discussing the gerbes over A and A	Ge� The reason is that the

class of the bundle gerbe is completely determined by the line bundlesDET��� over

U����

On the restricted Grassmannian we obtain an isomorphism between the �bers

DETres�W � andDETres�W ��� whereW � �W are points inGrres� the isomorphism

is determined by a choice of basis fv�� � � � � vng inW�W �� as follows� Recalling from

�PrSe� that an element in DETres�W � is represented by the so�called admissible

basis fw�� w�� � � � g� modulo unitary rotations with determinant equal to one� the

isomorphism is simply fw�� w�� � � � � g 
� fv�� � � � � vn� w�� w�� � � � g� In particular� we

apply this whenW�W � are the points obtained by mappingH��A��� andH��A����

to Grres using TA� Now the vectors TAvi span a basis in the subspace corresponding

to the interval ��� ��� in the spectrum of DA and thus they de�ne an element in

DET��� in our earlier construction and the basis can be viewed as an isomorphism

between DET� and DET�� �

Next we consider the trivial bundles A� Ures and A� �Ures over A� The gauge

group G acts in the former as follows� De�ne ��g�A� � T��g�AgTA� This function
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takes values in Ures and is a ��cocycle by construction�

��gg��A� � ��g� g� �A���g��A��

Thus the gauge group acts through g � �A�S� � �g �A���g�A�S� in A� Ures�

Since � takes values in Ures the same construction which gives the lifting of the

Ures action on Grres to a �Ures action onDETres gives also an action of an extension

�G in A� �Ures and in A �DETres� The pull�back with respect to the conjugation

by TA�s of the latter action de�nes an action of �G on the local determinant bundles

DET�� Next we observe that the natural action �without center� vi 
� gvi in the

line DET��� intertwines between the action of the group extension in the lines

DET��DET�� parametrized by potentials g � A on the gauge orbit� This follows

from the corresponding property of the determinant bundle over Grres �by pushing

forward by TA�
 An element �g � �Ures acts on w � fw�� w�� � � � � g � DETres�W � as

wi 
�
P

j gwjqji� where the basis rotation q is needed in order to recover a basis in

the admissible set� The same element �g acts then on the basis w� � w�v extending

the action on w by sending vi to gvi�

The intertwining property of the natural action on DET��� is exactly what was

needed in the de�nition of the action of �G in the Fock bundle over A� On the other

hand� the obstruction to pushing the Fock bundle over A	Ge was precisely the class

of the extension �G � G� Thus we have

Theorem� The obstruction to pushing forward the trivial bundle A � �Ures to a

bundle over the quotient A	Ge� with the action of �G coming from the Ures valued

cocycle �� is the Dixmier�Douady class of the Fock bundle�

It is clear from the above discussion that we may view the Fock bundle over A as

an associated bundle to the principal bundle A� �Ures de�ned by the representation

of �Ures in the Fock space of free fermions�

Example Let us take a very concrete example for the discussion above� Let

G � SU��� and the physical space M � S�� Now A	Ge is simply equal to G

since the gauge class of the connection in one dimension is uniquely given by the

holonomy around the circle� Because topologically SU��� is just the unit sphere S�

any principal bundle over G is described by its transition function on the equator
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S�� In case of a Ures bundle we thus need a map � 
 S� � Ures to �x the bundle

and the equivalence class of the bundle is determined by the homotopy class of ��

The topology of Ures is known
 it consists of connected components labelled by the

Fredholm index of P�gP�� it is simply connected and so the second homotopy is

given by H��Ures�Z� � Z� Thus the equivalence class of a principal Ures bundle

over S� � A	Ge is given by the index of the map ��

The principal Ge bundle A � A	Ge is de�ned by a transition function � 
 S� �

Ge� This is determined as follows� Since the total space is contractible� we actually

have here a universal Ge bundle over S�� Thus the transition function � is the

generator in ���Ge�� Such a map can be explicitly constructed� Any point Z on the

equator S� � S� determines a unique half�circle connecting the antipodes ��� We

de�ne gZ 
 S� � SU��� by �rst following the great circle through a �xed reference

point Z� on the equator� as a smooth function of a parameter � � x � � � �

�where � is a small positive constant�� from the point �� to the antipode ��� For

parameters � � � � x � � � � we let gZ�x� to be constant� for � � � � x � �� � �

the loop continues from �� to �� through the point Z on the equator� and �nally

for �� � � � x � �� it is constant� It is easy to see that the set of smooth loops so

obtained covers S� exactly once and therefore gives a map g 
 S� � G of index one�

Any element of G is represented as an element of Ures through pointwise mul�

tiplication on the fermion �eld in H� Thus by this embedding we get directly the

transition function � for the Ures bundle over A	Ge�

The index of the map � can also be checked using the WZWN action�

ind � �
�

����

Z
S��S�

TR�g��dg��

and in the fundamental representation of G � SU��� this gives ind � � �� For chiral

fermions on the circle in the fundamental representation of G this is the same as

the index of the map � 
 S� � Ures� This latter index is evaluated by pulling back

the curvature form c on Ures to S� and then integrating over S�� The curvature is

de�ned by the same formula as the canonical central extension of the Lie algebra

of Ures� Identifying left�invariant vector �elds on the group manifold as elements in

the Lie algebra we have
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c�X�Y � �
�

�
tr 
�
�X��
� Y ��

Note that this curvature on Ures is the generator of H��Ures�Z��

The Dixmier�Douady class in our example� as a de Rham class in H��A	Ge�� is

simply the normalized volume form on S�� This is because the third cohomology

group of S� is one�dimensional and the DD class was constructed starting from the

universal bundle A � S��

References

�Ad� M� Adler� Invent� Math� �	� ��� ���	��

�APS� M� Atiyah� Patodi� and I� Singer
 Spectral asymmetry and Riemannian

geometry I�III� Math� Proc� Camb� Phil� Soc� 

� �
 ���	��� 
�� ��� ���	��� 
��

	� ���	��

�Ar� H� Araki in
 Contemporary Mathematics� vol� ��� American Mathematical

Society� Providence ����	�

�AS� M� Atiyah� I� Singer
 Dirac operators coupled to vector potentials� Proc�

Natl� Acad� Sci� USA� ��� ���	 ������

�Br� J��L� Brylinski
 Loop Spaces� Characteristic Classes� and Geometric Quan�

tization� Birkh!auser� Boston�Basel�Berlin ����
��

�CaMiMu� A� Carey� J� Mickelsson� M� Murray� Commun� Math� Phys� ����

	�	 ����	�

�CaMu� A� Carey� M� Murray� Lett� Math� Phys� Lett� Math� Phys� �
� ��

������

�CaMuWa� A� Carey� M� Murray� B� Wang� hep�th#�������

�CFNW� M� Cederwall� G� Ferretti� B� Nilsson� and A� Westerberg� Commun�

Math� Phys� �
�� ��
 ������

�F�Sh� L� Faddeev and S� Shatasvili� Theoret� Math� Phys� 
	� 		� ������

�GB�V� J� M� Gracia�Bondia and J� C� Varilly� J� Math� Phys� ��� 

�� ������

�Gu� V� Guillemin
 A new proof of Weyl�s formula on the asymptotic distribution

of eigenvalues� Adv� Math� ��� �
� ������



SECOND QUANTIZATION� ANOMALIES� AND GROUP EXTENSIONS ��

�Kr�Kh� O�S� Kravchenko and B�A� Khesin� Funct� Anal� appl� ��� �
 ������

�Lu� Lars�Erik Lundberg� Commun� Math� Phys� �	� ��
 ���	��

�Ma� Yu� I� Manin� J� Sov� Math� ��� � ���	��

�M�� J� Mickelsson
 Wodzicki residue and anomalies of current algebras� ed� by

A� Alekseev et al� Springer Lecture Notes in Physics �
� ������

�M�� J� Mickelsson� hep�th#�	�����

�M
� J� Mickelsson� Commun� Math� Phys� �
� 
�� ������

�M�� J� Mickelsson
 Current Algebras and Groups� Plenum Press ������

�M�� J� Mickelsson� Phys� Lett� B���� 	� ������

�Mu� M� K� Murray� dg�ga#���	���� J� London Math� Soc� ��� ��
 ������

�LM� E� Langmann and J� Mickelsson� J� Math� Phys� �
� 
�

 ������

�PrSe� A� Pressley and G� Segal
 Loop Groups� Clarendon Press� Oxford ������

�Ra� A� O� Radul� Funct� Anal� Appl� ��� �� ������

�Se� G� Segal� unpublished preprint� Dept� of Math�� Oxford University ������

�SW� M� Spera� T� Wurzbacher� Determinants� Pfa�ans� and Quasi�free Repre�

sentations of the CAR algebra� preprint� Strassbourg ������

�Wo� M� Wodzicki
 Noncommutative residue� In
 Lecture Notes in Mathematics

����� Springer�Verlag


