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Alternative separation of exchange and correlation in density-functional theory
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It has recently been shown that local values of the conventional exchange energy per particle cannot be
described by an analytic expansion in the density variation. Yet, it is known that the total exchange-correlation
(XC) energy per particle does not show any corresponding nonanalyticity. Indeed, the nonanalyticity is here
shown to be an effect of the separation into conventional exchange and correlation. We construct an alternative
separation in which the exchange part is made well behaved by screening its long-ranged contributions, and the
correlation part is adjusted accordingly. This alternative separation is as valid as the conventional one, and
introduces no new approximations to the total XC energy. We demonstrate functional development based on
this approach by creating and deploying a local-density-approximation-type XC functional. Hence, this work
includes both the theory and the practical calculations needed to provide a starting point for an alternative
approach towards improved approximations of the total XC energy.
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Kohn-Sham(KS) density-functional theofy(DFT) is a  a system of noninteracting electrons, and the internal poten-
successful scheme for electron energy calculations. The lorigpl energy of a classical repulsive gag,. is decomposed
term goal is chemical accuracy for chemical and materialnto a local quantity by defining the XC energy per particle
properties without the need of a careful problem analysisx. from the requirement:
prior to the calculation. This would enable computerized op-
timization of chemicals, materials, and compounds to an ex-
tent that is not possible today. The accuracy of the KS-DFT Exc[n(r)]:f n(r)ey(r;[n]dr. (1)
scheme is limited by the approximation for the exchange-
porrelation (XC)_ energy fu.nctional. Development towards An approximation fore,(r:[n]) is referred to as a “DFT
improved generic XC _functlonals has been slow compared t(Punctional." It is common to further separate this quantity as
the progress of algorithms and computer hardware. Almosé — e+ €, where the separation is defined from the require-
40 years of research have passed since the local-density ar%%nt txhatecx should give the exchange energly when inte-
proximation(LDA) was suggested. Even if LDA is not gen- rated in Eq.1). The quantityE, can be implicitly defined

9f.a”y .ac.curate.enough fo_r applications n molecular system hrough the conventional choftef the exchange energy per
it is still in use in calculations of properties of certain metal- irxh

lic and semiconductor systems. This is not for being “faster"part'de.ex - In rydberg atomic unitsa.u), for a spin-
than other functionals, but because it still often delivers theunpolarlzed system
most accurate results in such applications. Progress made in
functional developments have eith@r sacrificed generality, ) 1 2
defining functionals working good only for certain systems 6=~ f — X My dr. ()
but decreasing accuracy for others(ioy improved the sepa- n(or=r’[|™
rate exchange and correlation parts of the XC energy without _
much improvement of the combined quantity. It is fair to  Recent worR shows that local values of™" cannot be
conclude that current approaches have not yet taken us described by an analytic expansion in the density variation.
significant step forward towards generic XC functionals. TheYet, it is known that the total XC energy density does not
present work identifies an inherent problem with the currenshow any corresponding nonanalyticity. Hence, this is not a
approach and supplies the starting point of an alternativgroblem inherent to the underlying physics, but artificially
path for approximations of the total XC energy. created. In the following we present a solution to this prob-
KS-DFT is based on a total electron energy functionallem by separating the XC energy in an alternative way and
E¢[n(r)] that is minimized by the true ground-state electronshow this solution to hold for systems of generic effective
densityn(r) of a system. The minimization is done by self- potentials. Finally the ideas are placed in the context of func-
consistently refining an effective potentials(r) of a system tional development through the construction of a LDA-type
of noninteracting electrons, to make that system’s electrofunctional. We perform benchmark calculations using an
orbitals #,(r) give n(r) as their(noninteracting electron  implementation of this functional. Taken together, these parts
density. The XC energy function&,[n(r)] is the part of provide a complete starting point for an alternative approach
E. that remains when all more easily treated parts have beeiowards XC functionals that avoids the deficiency of the tra-
accounted fofi.e., the potential energy, the kinetic energy of ditional separation in exchange and correlation.
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If the long-range Coulomb potential is responsible for the= ;,\[1—cos(2/upz)]. The limit of slowly varying densi-
nonanalytical behavior of™", then the insertion of a tradi- ties is found as., p—0. To simplify the analysis of numeri-
tional screening factor of Yukawa type; """l into the  cal data in this two-dimensional limit, the parameters are

integration of Eq.(2), should give a well-behaved quantity combined in a nontrivial way into a new paraméter with
€y, . This introducesky as the Yukawa wave vector, the slowly varying limit 1&4—0. The MG family of densi-
which effectively is an inverse screening length for the Cou-ies was also used when demonstrating the nonanalytical be-

lomb potential that may be dependentrorA corresponding  havior of €™" in Ref. 3. We use the computer program in that

correlationlike termei('éﬁy) is defined by the relatiOBi(rxxﬂy) reference, modified for Yukawa screening, to calculate
+e'(’§EY)=e'>[’éh. This can be seen as moving a term from e'&(ﬂY) for 1/a—0 in specificr points, for several specific

correlation to exchange, ky. The results are investigated based on the expansion of
€0y in density variation,

. 1—e kylr=r'| 2

irxh * (et ' ’ ) '
=2 r r’)) dr’, (3 h _ LDA h h

v J n(r)|r—r’| 2 g (1) ® €xin = €yl 1Hagiys®Hbplyat .1 (7)
. . . . . ) 2
el(r))((EY):E;:Xh-i-e'\r(Xh, el(r():(hy)zeth—El\r(Xh (4) B |Vn(r)| ven(r) )

S_ NN q: DN TN
. ) o ) . 2(37T2)1/3n4/3(r) 4(3772)2/3n5/3(r)
and is an alternative way of partitioning,. without intro- -

ducing any new approximations. Screened exchange hasigure 1 confirms this expansion fig >0 with the dimen-
been used previously. In the Hartree-Fock scheme, exchanggynless scalara'&‘ﬂy) and b'&(ﬁy) being functions of the
is known to have singularities originating from the separa-,

o . ; alue ofky. The behavior is consistent for all investigated
tion in exchange and correlation. Screening the Hartree-FocK Y 9

exchange has been shown to remove these singuldtities. values of\/p?, i.el., convergence is independent of the path
DFT, several recent functionals and schemes have been cofirough the two-dimensional MG parameter space. However,
structed based on screened exchange expressidmsever,  for ky=0 the expansion of Eq7) is not confirmedthis was

in these works the long-range part has either been throwé major point of Ref. B

away or handled with another approximative scheme. The A derivation of the convergence points for curves with
present approach is fundamentally different in that thek,>0 in Fig. 1 for systems of generig.(r) follows. We
screening of the exchange is compensated for by redefiningtart from an expansion of the exchange energy per particle
correlation to keep the total'xr)éh constant. This alternative in pg from Refs. 7 and 8 with all spatial integrations done,
separation provides as good a starting point for functional
development as the commonly used separation into un-

1 pél VZ2pZ  (VpE)?

screened exchangée™", and conventional correlatioa™" . €T TRl 580 g8 24702 ct- |

In Eq. (3) the limit ky—0 approaches the conventional F 9)
partitioning between exchange and correlatifre., ey
—0). In the following we use a scaldd,, ky=Kky /pg with | g=[40+ 12k2 — 6ky(4+Kk2)arctari 2/ky)
pPr=+vVu—ven(r), where u is the chemical potential. Our
aim is now to show that this alternative separation removes —(4+K2)In(4K%+1)1/(16+4K3), (10)
the found problem for exchange, while not introducing any
change in the combined XC energy. . | c=[ky(4+k2)arctari2/ky) — 4— 2k

The term of lowest order in density variation &f", , - -
i.e., LDA for the exchangelike term, is obtained from insert- —2(k?y—4)/(K*>y+4)]/(8+ ZKZ(). (11

ing the KS orbitals for the uniform electron gas ing!

[Eq. (4)]. Substitutingpe—[372n(r)]¥3 gives Using the expansion of the densitypr from Ref. 8, Eq(9)

can be recast into the form of E(), with general coeffi-

él(_foY) (n(r))=— [3/(27T)][3772n(r)]1/3| O(E)a (5) cients as functions dfy ,

_ B _ on —. 8(3 1lg 1l¢
lo(ky) =[ 24— 4k% — 32kyarctari 2/ky) Ay (k) =52l 773 E+5 To) (12)
+K2(12+K2)In(4/Kk2 +1)]/24. (6) 8 1. 4
. . ich b1y (k) =55~ 5 (13
For eachr point with densityn(r), the value ofe'&‘w) for a (x+Y) 2715 9

gnﬁor_m electrqn gas with the same density is used. In thel'he values extracted from the numerical data from the MG
limit ky—0, this approachhes regular LDA exchange. family of densities(see Fig. 1 are in excellent agreement
We numerically study,? y) using the Mathieu gaiG) it these derived coefficients. This shows that our numeri-
family of electron densities. These densities are parametrizegh| data illustrate the behavior of a general system. When the
by two dimensionless quantities and p, and are obtained generalized expansion approximati@@EA) gradient coeffi-
from a noninteracting system of electrons movingig(r)  cient was establishét % there was an order of limits prob-
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(@) o4 — merical accuracy shows that the alternative separation indeed
SR W R / S | O P e, o ho provides an alternative approach to conventional functional
' == 10 gesl developmentfiii) it provides a starting point for further re-
02 —_ 38188221 fined approximations of the'(')f”) and e'{? v) parts.
o] - 08,05,0117 The expression foe(x+y) [Eqg.(5)] has one free parameter
0.8,0.1,-0.17 . . .
kY for which a natural choice is a scaled Thomas-Fermi
wave vector k'F=k™/pg= Varsl(my), where vy
=(9/4)*® andr = y/[37°n(r)]* (a.u) is ar dependent
density parameter. A generalized choice is
k2= \/ar.
k¥ s (14
The Yukawa exchangelike term, E®), is expanded around
=0 ando, giving
re—0
(®) 7 [ etPA, . _ﬁ(i_ﬂa ! odino—tna
.08 V. -== 0; X
- k2 2a\rs 3, 2
0.061
0.04¢ 1 1
N - + =
2 o0z 2|n s 20’ (15)
. ;
< [ S
2 ’ 00
i°°> -0.02 /' LA s 3y( 4 1 8 1) 16
E% 0,04k i (x+Y) 5103 2 2.3
< o Tp2, Ry, alihy, % /! 2m\9ar 157 ryg
-0.065 - 0.8,0.1,0.098 % Y ‘. . .
“““““ 0.8,0.5,0.038 o The expansions for the total XC energy of a uniform electron
-0.084 --- 0.2, 1.0, 0.038 o"‘ ﬁ1—13
— 08,1.0,0038 o gas are knowr:
-0.1ff == 0.8, 2.0, 0.033
o o 0.8,25,0.017 . ) LN : ; rs—0
- : : ; ; ; ; : ; if
L A R exe — —(3y)(2mrg)+coInrg—cytcorgnrg, (17)
FIG. 1. Effective (a) Laplacian coefficient €Xy,/efry, it S 2o
—1)/q, (b) gradient coefficient ¢,/ (LXDfY)fl)/s , for space €xc — —(BV(27rg)—dolrs+dy/rg”, (18)

points r where (@) s=0 (density maxima; effective potential where co—c,, do, and d;, are scalard? Setting a

minima), (b) q is close to zero, for different values bfp? andky . —co4/(3y) makes the leading logarithmic term compat-

The quantities are expected to approgahb("y), (b) a(ily). I jple with Eq. (15). It is now easy to produce a suitable ex-

Eq. (7) in the limit of slowly varying densities &—0. All curves pression to mode&l(_[I:DAY) ,

where kY>O show convergent trends towards values predicted by

Egs.(12) and(13) (shown in legend and marked on thexes. The b \/—+ b
oscillating behavior was explained in Ref. 3, and is not important in (LEAvl) 3/2 ! G (19
this context. Due to involved numerics, explicit divergence Kor +bars+ b4\/r—s

=0 can only be demonstrated (a), but the values irib) are con-
sistent with an expected divergence towatiels. The similarity of

convergence values detY:0.5 and 1.0 inb) is coincidental.

Of the four free parametery;—b,, two are fixed by elimi-
nating the 1{/r, in the lowr limit (Eq. 19, and by render-
ing the total constant term equal t3. The remaining two

- o ) parameters are determined by a least-squares fit, minimizing
lem between the limiky— 0 and the limit of slowly varying

electron densities. In contrast, our calculations show that an DA 5
expansion involving both the gradient and the Laplacian, Eq. z L€ty (Fe) + €ty (rd) = x(r) A K(rg)|?, (20)
(7), cannot describe the conventional exchange energy per
particle regardless of the order of the limits. The solution iswherex(rs) andA«(r¢) are the Ceperley-Aldét (CA) data
instead to use the alternative separation given by (Bg. and errors, respectively. This gives Yukawa LDAILDA1L),
keepingky>0. composed by Eqgs(5), (14), and (19) with parametersa
The alternative separation needs to be substantiated to pe0.135718, b;=—-1.71478, b,=—-7.57697, bj
useful. In the following we show how to create a LDA-type =5.13452,b,=10.7168. In Table I it is compared with the
functional by approximating both the exchangelike and cor-CA data and other XC parametrizations currently in tide.
relationlike terms. The reasons this derivation is importanthe fitting, YLDAL uses one fitting parameter less than the
are that(i) it shows how functional development using the other parametrizations but still performs at least as well as
alternative separation use very similar methods to convenPerdew-Zunger correlatioPZ) and approximately as well
tional functional development(ii) when deployed, its nu- as Vosko-Wilk-Nusair correlatiofVWN).
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TABLE I. (&) Correlation from original CA datéin mRy) and
. L . erstergte
from different parametrizations of this data, compared etg LDA2 _ Us =2V's =3

— e for the YLDAS. (b) Differences between the values (a), r2+e, ¥4 egrtegirs
and the CA data, scaled with the errors in the CA data. An absolutsence four parameters are fitted to the CA data. This gives

}[/rt;:lluce::(lj rtnean(sj that tttle para_rgetriéation is within the error bars ok, 5 (Ref. 16 with a=0.135718,b=0.0426055,e,
© LA data and can be considered exact =-1.81942, €,=274122, e;=—14.4288, e,

(22

@ =0.537230,e5=1.281 84,e,=20.4080. The performance
of YLDA2 is comparable with the Perdew-Wang correlation
r CA PZ VWN PW  YLDA1l YLDA2 (PW) (Table ).
1 120 119.3 1200 1195 1205 1203 To make sure that there is no major difference between

2 902 00.18 89.57 8952 89.70 90.05 the YLDAs and the other LDA )_(C_ functionals we have

5 563 5668 se27  seds  s2r - seas SOl S St e bW correlation. Ranging
103722 37137 37.089  37.145  37.044 37104 0 g face systems with constant bulk=2, 2.07, 2.30,

20 2300 22995 23005 23060 23.094 23.091 2.66, 3, 3.28, 4, 5, and 6, we find no systematic differences.
50 1140 11.332  11.407  11.385 11421 = 11.377 They a|| differ from each other in the order of 0.1%, with a
100 6.379 6.3429 6.3693 6.3820 6.3695  6.382%otal error in the order of a few percettFurthermore, self-

consistent calculations for bulk silicthgive a lattice con-
(b) stant of 5.38 A, and a bulk modulus between 95.2 and
rs Pz VWN PW  YLDAl YLDA2 95.6 GPa, regardless of parameterization; i.e., PZ, VWN,
PW, YLDAL, YLDAZ2 give essentially equal values.
1 -031 047 -002 0.94 0.76 In this paper we havé) established that the lack of ana-
2 -007 -161 -173 -—127 —0.40 lytical behavior in the slowly varying limit 0&™" in the MG

5 348 -062 103 -118 101 model is caused by the long rangedness of the Coulomb
10 —158 —-254 —-143 —-344 —-223 potential;(ii) shown that this is a general artifact of the con-
20 —0.11  3.24 2.06 3.20 3.08 ventional definition ofel", and is not restricted to limits

50 —6.55 096 -1.21 236 —2.01 taken through MG densitiegjii) shown that an analytical
100 —-7.15 -1.88 0.66 —1.83 0.84 behavior can be obtained by using a nonconventional sepa-

ration of exchange and correlation with&.; (iv) derived

and implemented a LDA-type functional based on this alter-
An improved YLDA is given by the additional require- native separation. This LDA-type functional provides a start-

ments of an independentinr, term and a zero coefficient N9 POt for further approximate functionals.

for \r5 in the smallrg limit. This is achieved through ex-
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