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Alternative separation of exchange and correlation in density-functional theory
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It has recently been shown that local values of the conventional exchange energy per particle cannot be
described by an analytic expansion in the density variation. Yet, it is known that the total exchange-correlation
~XC! energy per particle does not show any corresponding nonanalyticity. Indeed, the nonanalyticity is here
shown to be an effect of the separation into conventional exchange and correlation. We construct an alternative
separation in which the exchange part is made well behaved by screening its long-ranged contributions, and the
correlation part is adjusted accordingly. This alternative separation is as valid as the conventional one, and
introduces no new approximations to the total XC energy. We demonstrate functional development based on
this approach by creating and deploying a local-density-approximation-type XC functional. Hence, this work
includes both the theory and the practical calculations needed to provide a starting point for an alternative
approach towards improved approximations of the total XC energy.
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Kohn-Sham~KS! density-functional theory1 ~DFT! is a
successful scheme for electron energy calculations. The
term goal is chemical accuracy for chemical and mate
properties without the need of a careful problem analy
prior to the calculation. This would enable computerized o
timization of chemicals, materials, and compounds to an
tent that is not possible today. The accuracy of the KS-D
scheme is limited by the approximation for the exchan
correlation ~XC! energy functional. Development toward
improved generic XC functionals has been slow compare
the progress of algorithms and computer hardware. Alm
40 years of research have passed since the local-densit
proximation~LDA ! was suggested. Even if LDA is not gen
erally accurate enough for applications in molecular syste
it is still in use in calculations of properties of certain met
lic and semiconductor systems. This is not for being ‘‘faste
than other functionals, but because it still often delivers
most accurate results in such applications. Progress mad
functional developments have either~i! sacrificed generality,
defining functionals working good only for certain system
but decreasing accuracy for others, or~ii ! improved the sepa
rate exchange and correlation parts of the XC energy with
much improvement of the combined quantity. It is fair
conclude that current approaches have not yet taken
significant step forward towards generic XC functionals. T
present work identifies an inherent problem with the curr
approach and supplies the starting point of an alterna
path for approximations of the total XC energy.

KS-DFT is based on a total electron energy functio
Ee@n(r )# that is minimized by the true ground-state electr
densityn(r ) of a system. The minimization is done by se
consistently refining an effective potentialveff(r ) of a system
of noninteracting electrons, to make that system’s elect
orbitals cn(r ) give n(r ) as their ~noninteracting! electron
density. The XC energy functionalExc@n(r )# is the part of
Ee that remains when all more easily treated parts have b
accounted for~i.e., the potential energy, the kinetic energy
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a system of noninteracting electrons, and the internal po
tial energy of a classical repulsive gas!. Exc is decomposed
into a local quantity by defining the XC energy per partic
exc from the requirement:

Exc@n~r !#5E n~r !exc~r ;@n# !dr . ~1!

An approximation forexc(r ;@n#) is referred to as a ‘‘DFT
functional.’’ It is common to further separate this quantity
exc5ex1ec where the separation is defined from the requi
ment thatex should give the exchange energyEx when inte-
grated in Eq.~1!. The quantityEx can be implicitly defined
through the conventional choice2 of the exchange energy pe
particle ex

irxh . In rydberg atomic units~a.u.!, for a spin-
unpolarized system

ex
irxh522E 1

n~r !ur2r 8u
U(

n
cn~r !cn* ~r 8!U2

dr 8. ~2!

Recent work3 shows that local values ofex
irxh cannot be

described by an analytic expansion in the density variati
Yet, it is known that the total XC energy density does n
show any corresponding nonanalyticity. Hence, this is no
problem inherent to the underlying physics, but artificia
created. In the following we present a solution to this pro
lem by separating the XC energy in an alternative way a
show this solution to hold for systems of generic effecti
potentials. Finally the ideas are placed in the context of fu
tional development through the construction of a LDA-ty
functional. We perform benchmark calculations using
implementation of this functional. Taken together, these p
provide a complete starting point for an alternative appro
towards XC functionals that avoids the deficiency of the t
ditional separation in exchange and correlation.
©2003 The American Physical Society20-1
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If the long-range Coulomb potential is responsible for t
nonanalytical behavior ofex

irxh , then the insertion of a tradi

tional screening factor of Yukawa type,e2kYur2r8u, into the
integration of Eq.~2!, should give a well-behaved quantit
e (x1Y)

irxh . This introduceskY as the Yukawa wave vecto
which effectively is an inverse screening length for the Co
lomb potential that may be dependent onr . A corresponding
correlationlike terme (c2Y)

irxh is defined by the relatione (x1Y)
irxh

1e (c2Y)
irxh 5exc

irxh . This can be seen as moving a term fro
correlation to exchange,

eY
irxh52E 12e2kYur2r8u

n~r !ur2r 8u
U(

n
cn~r !cn* ~r 8!U2

dr 8, ~3!

e (x1Y)
irxh 5ex

irxh1eY
irxh , e (c2Y)

irxh 5ec
irxh2eY

irxh ~4!

and is an alternative way of partitioningexc without intro-
ducing any new approximations. Screened exchange
been used previously. In the Hartree-Fock scheme, exch
is known to have singularities originating from the sepa
tion in exchange and correlation. Screening the Hartree-F
exchange has been shown to remove these singularities4 In
DFT, several recent functionals and schemes have been
structed based on screened exchange expressions.5 However,
in these works the long-range part has either been thr
away or handled with another approximative scheme. T
present approach is fundamentally different in that
screening of the exchange is compensated for by redefi
correlation to keep the totalexc

irxh constant. This alternative
separation provides as good a starting point for functio
development as the commonly used separation into
screened exchange,ex

irxh , and conventional correlation,ec
irxh .

In Eq. ~3! the limit kY→0 approaches the convention
partitioning between exchange and correlation~i.e., eY

→0). In the following we use a scaledkY , k̄Y5kY /pF with
pF5Am2veff(r ), where m is the chemical potential. Ou
aim is now to show that this alternative separation remo
the found problem for exchange, while not introducing a
change in the combined XC energy.

The term of lowest order in density variation ofe (x1Y)
irxh ,

i.e., LDA for the exchangelike term, is obtained from inse
ing the KS orbitals for the uniform electron gas intoe (x1Y)

irxh

@Eq. ~4!#. SubstitutingpF→@3p2n(r )#1/3 gives

e (x1Y)
LDA

„n~r !…52@3/~2p!#@3p2n~r !#1/3I 0~ k̄Y!, ~5!

I 0~ k̄Y!5@2424k̄Y
2 232k̄Yarctan~2/k̄Y!

1 k̄Y
2 ~121 k̄Y

2 !ln~4/k̄Y
2 11!#/24. ~6!

For eachr point with densityn(r ), the value ofe (x1Y)
irxh for a

uniform electron gas with the same density is used. In
limit k̄Y→0, this approaches regular LDA exchange.

We numerically studye (x1Y)
irxh using the Mathieu gas~MG!

family of electron densities. These densities are parametr
by two dimensionless quantitiesl̄ and p̄, and are obtained
from a noninteracting system of electrons moving inveff(r )
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5ml̄@12cos(2Am p̄z)#. The limit of slowly varying densi-
ties is found asl̄, p̄→0. To simplify the analysis of numeri
cal data in this two-dimensional limit, the parameters a
combined in a nontrivial way into a new parameter6 a, with
the slowly varying limit 1/a→0. The MG family of densi-
ties was also used when demonstrating the nonanalytica
havior ofex

irxh in Ref. 3. We use the computer program in th
reference, modified for Yukawa screening, to calcul
e (x1Y)

irxh for 1/a→0 in specificr points, for several specific

k̄Y . The results are investigated based on the expansio
e (x1Y)

irxh in density variation,

e (x1Y)
irxh 5e (x1Y)

LDA @11a(x1Y)
irxh s21b(x1Y)

irxh q1 . . . #, ~7!

s5
u“n~r !u

2~3p2!1/3n4/3~r !
, q5

¹2n~r !

4~3p2!2/3n5/3~r !
, ~8!

Figure 1 confirms this expansion fork̄Y.0 with the dimen-
sionless scalarsa(x1Y)

irxh and b(x1Y)
irxh being functions of the

value of k̄Y . The behavior is consistent for all investigate
values ofl̄/ p̄2, i.e., convergence is independent of the pa
through the two-dimensional MG parameter space. Howe
for k̄Y50 the expansion of Eq.~7! is not confirmed~this was
a major point of Ref. 3!.

A derivation of the convergence points for curves w
k̄Y.0 in Fig. 1 for systems of genericveff(r ) follows. We
start from an expansion of the exchange energy per par
in pF from Refs. 7 and 8 with all spatial integrations done

e (x1Y)
irxh 52

1

n S pF
4

2p3
I 01

“

2pF
2

18p3
I B1

~¹pF
2 !2

24p3pF
2

I C1••• D ,

~9!

I B5@40112k̄Y
2 26k̄Y~41 k̄Y

2 !arctan~2/k̄Y!

2~41 k̄Y
2 !ln~4/k̄Y

2 11!#/~1614k̄Y
2 !, ~10!

I C5@ k̄Y~41 k̄Y
2 !arctan~2/k̄Y!2422k̄Y

2

22~ k̄2
Y24!/~ k̄2

Y14!#/~812k̄Y
2 !. ~11!

Using the expansion of the density inpF from Ref. 8, Eq.~9!
can be recast into the form of Eq.~7!, with general coeffi-
cients as functions ofk̄Y ,

a(x1Y)
irxh ~ k̄Y!5

8

27S 3

4
2

1

3

I B

I 0
1

1

2

I C

I 0
D , ~12!

b(x1Y)
irxh ~ k̄Y!5

8

27

I B

I 0
2

4

9
. ~13!

The values extracted from the numerical data from the M
family of densities~see Fig. 1! are in excellent agreemen
with these derived coefficients. This shows that our num
cal data illustrate the behavior of a general system. When
generalized expansion approximation~GEA! gradient coeffi-
cient was established,8–10 there was an order of limits prob
0-2



t a
Eq
p
i

o
e
o
an
e
e

eed
nal
-

r

mi

on

t-
x-

zing

e

he
as

l

l

b

t i
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lem between the limitk̄Y→0 and the limit of slowly varying
electron densities. In contrast, our calculations show tha
expansion involving both the gradient and the Laplacian,
~7!, cannot describe the conventional exchange energy
particle regardless of the order of the limits. The solution
instead to use the alternative separation given by Eq.~4!,
keepingkY.0.

The alternative separation needs to be substantiated t
useful. In the following we show how to create a LDA-typ
functional by approximating both the exchangelike and c
relationlike terms. The reasons this derivation is import
are that~i! it shows how functional development using th
alternative separation use very similar methods to conv
tional functional development;~ii ! when deployed, its nu-

FIG. 1. Effective ~a! Laplacian coefficient (e (x1Y)
irxh /e (x1Y)

LDA

21)/q, ~b! gradient coefficient (e (x1Y)
irxh /e (x1Y)

LDA 21)/s2, for space
points r where ~a! s50 ~density maxima; effective potentia

minima!, ~b! q is close to zero, for different values ofl̄/ p̄2 andk̄Y .
The quantities are expected to approach~a! b(x1Y)

irxh , ~b! a(x1Y)
irxh , in

Eq. ~7! in the limit of slowly varying densities 1/a→0. All curves

where k̄Y.0 show convergent trends towards values predicted
Eqs.~12! and~13! ~shown in legend and marked on they axes!. The
oscillating behavior was explained in Ref. 3, and is not importan

this context. Due to involved numerics, explicit divergence fork̄Y

50 can only be demonstrated in~a!, but the values in~b! are con-
sistent with an expected divergence towards1`. The similarity of

convergence values fork̄Y50.5 and 1.0 in~b! is coincidental.
24512
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merical accuracy shows that the alternative separation ind
provides an alternative approach to conventional functio
development;~iii ! it provides a starting point for further re
fined approximations of thee (x1Y)

irxh ande (c2Y)
irxh parts.

The expression fore (x1Y)
LDA @Eq. ~5!# has one free paramete

k̄Y for which a natural choice is a scaled Thomas-Fer
wave vector k̄TF5kTF/pF5A4r s /(pg), where g
5(9p/4)1/3 and r s5g/@3p2n(r )#1/3 ~a.u.! is a r dependent
density parameter. A generalized choice is

k̄Y
a 5Aars. ~14!

The Yukawa exchangelike term, Eq.~5!, is expanded around
r s50 and`, giving

e (x1Y)
LDA →

r s→0

2
3g

2p S 1

r s
2

2pAa

3

1

Ar s

1aF ln 22
1

2
ln a

2
1

2
ln r s1

1

2G D , ~15!

e (x1Y)
LDA →

r s→`

2
3g

2p S 4

9a

1

r s
2

2
8

15a2

1

r s
3D . ~16!

The expansions for the total XC energy of a uniform electr
gas are known:11–13

exc
unif →

r s→0

2~3g!/~2pr s!1c0ln r s2c11c2r slnr s , ~17!

exc
unif →

r s→`

2~3g!/~2pr s!2d0 /r s1d1 /r s
3/2, ~18!

where c02c4 , d0, and d1 are scalars.14 Setting a
5c04p/(3g) makes the leading logarithmic term compa
ible with Eq. ~15!. It is now easy to produce a suitable e
pression to modele (c2Y)

LDA ,

e (c2Y)
LDA,1 5

b1Ar s1b2

r s
3/21b3r s1b4Ar s

. ~19!

Of the four free parameters,b1–b4, two are fixed by elimi-
nating the 1/Ar s in the low r s limit ~Eq. 15!, and by render-
ing the total constant term equal toc1. The remaining two
parameters are determined by a least-squares fit, minimi

(
r s

u@e (x1Y)
LDA ~r s!1e (c2Y)

LDA ~r s!2k~r s!#/Dk~r s!u2, ~20!

wherek(r s) andDk(r s) are the Ceperley-Alder15 ~CA! data
and errors, respectively. This gives Yukawa LDA1~YLDA1 !,
composed by Eqs.~5!, ~14!, and ~19! with parameters:a
50.135 718, b1521.714 78, b2527.576 97, b3
55.134 52,b4510.7168. In Table I it is compared with th
CA data and other XC parametrizations currently in use.11 In
the fitting, YLDA1 uses one fitting parameter less than t
other parametrizations but still performs at least as well
Perdew-Zunger correlation~PZ! and approximately as wel
as Vosko-Wilk-Nusair correlation~VWN!.
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An improved YLDA is given by the additional require
ments of an independentr sln rs term and a zero coefficien
for Ar s in the smallr s limit. This is achieved through ex
tendingk̄Y in Eq. ~14! to

k̄Y
ab5Aars1brs

3/2 ~21!

and adding two parameters to thee (c2Y)
LDA part,

*Electronic address: rar@theophys.kth.se
†Electronic address: aematts@sandia.gov
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6The definition isa5(m2eh1
)/(eh2

2eh1
)1uh1u, where, if m is

inside az-dimension energy band,eh1
is the lowest energy in

this band. Ifm is not inside an energy band,eh1
is the lowest

energy in the band which contains thez-dimension energy state
with highest energy<m. Furthermore,eh2

is the lowest possible

TABLE I. ~a! Correlation from original CA data~in mRy! and
from different parametrizations of this data, compared toexc

2ex
irxh for the YLDA’s. ~b! Differences between the values in~a!,

and the CA data, scaled with the errors in the CA data. An abso
value<1 means that the parametrization is within the error bars
the CA data and can be considered exact.

~a!

r s CA PZ VWN PW YLDA1 YLDA2

1 120 119.3 120.0 119.5 120.5 120.3
2 90.2 90.18 89.57 89.52 89.70 90.05
5 56.3 56.68 56.27 56.43 56.21 56.43

10 37.22 37.137 37.089 37.145 37.044 37.10
20 23.00 22.995 23.095 23.060 23.094 23.09
50 11.40 11.332 11.407 11.385 11.421 11.37

100 6.379 6.3429 6.3693 6.3820 6.3695 6.38

~b!

r s PZ VWN PW YLDA1 YLDA2

1 20.31 0.47 20.02 0.94 0.76
2 20.07 21.61 21.73 21.27 20.40
5 3.48 20.62 1.03 21.18 1.01

10 21.58 22.54 21.43 23.44 22.23
20 20.11 3.24 2.06 3.20 3.08
50 26.55 0.96 21.21 2.36 22.01

100 27.15 21.88 0.66 21.83 0.84
24512
e (c2Y)
LDA,2 5

e1r s1e2Ar s1e3

r s
21e4r s

3/21e5r s1e6Ar s

. ~22!

Hence four parameters are fitted to the CA data. This gi
YLDA2 ~Ref. 16! with a50.135 718,b50.042 605 5,e1
521.819 42, e252.741 22, e35214.4288, e4
50.537 230,e551.281 84, e6520.4080. The performanc
of YLDA2 is comparable with the Perdew-Wang correlatio
~PW! ~Table I!.

To make sure that there is no major difference betwe
the YLDA’s and the other LDA XC functionals we hav
calculated the surface energy of jellium surfaces using s
consistent densities obtained by the PW correlation. Rang
over surface systems with constant bulkr s52, 2.07, 2.30,
2.66, 3, 3.28, 4, 5, and 6, we find no systematic differenc
They all differ from each other in the order of 0.1%, with
total error in the order of a few percent.17 Furthermore, self-
consistent calculations for bulk silicon18 give a lattice con-
stant of 5.38 Å, and a bulk modulus between 95.2 a
95.6 GPa, regardless of parameterization; i.e., PZ, VW
PW, YLDA1, YLDA2 give essentially equal values.

In this paper we have~i! established that the lack of ana
lytical behavior in the slowly varying limit ofex

irxh in the MG
model is caused by the long rangedness of the Coulo
potential;~ii ! shown that this is a general artifact of the co
ventional definition ofex

irxh , and is not restricted to limits
taken through MG densities;~iii ! shown that an analytica
behavior can be obtained by using a nonconventional se
ration of exchange and correlation withinexc ; ~iv! derived
and implemented a LDA-type functional based on this alt
native separation. This LDA-type functional provides a sta
ing point for further approximate functionals.
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