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We present a restricted path integral approach to the two-dimensional and three-dimensional repulsive
Hubbard model. In this approach the partition function is approximated by restricting the summation over all
states to gsmal) subclass that is chosen so as to well represent the important states. This procedure gener-
alizes mean-field theory and can be systematically improved by including more states or fluctuations. We
analyze in detail the simplest of these approximations, which corresponds to summing over states with local
antiferromagneti¢AF) order. If in the states considered the AF order changes sufficiently little in space and
time, the path integral becomes a finite-dimensional integral for which the saddle point evaluation is exact.
This leads to generalized mean-field equations allowing for the possibility of more than one relevant saddle
point. In a big parameter regim®oth in temperature and fillingwe find that this integral hatsvo relevant
saddle points, one corresponding to finite AF order and the other without. These degenerate saddle points
describe a phase of AF ordered fermions coexisting with free, metallic fermions. We argue that this mixed
phase is a simple mean-field description of a variety of possible inhomogeneous states, appropriate on length
scales where these states appear homogeneous. We sketch systematic refinements of this approximation, which
can give more detailed descriptions of the systEa163-182807)01815-9

|- INTRODUCTION Bo0=r(x), HO=sex)e* (1)

The two-dimensional2D) one-band Hubbard moddhas  [we write x=(7,x), and our lattice points are
received much attention as a simple prototype model fox=(x,, ... Xq4) With x; integers, wheres is the magnitude
high-temperature superconductoidTSC).2 It provides a of the local AF order parametere its direction, and is a
good description of the insulating antiferromagnets, whichcharge degree of freedor®=(, . ..,w) is the AF vector
upon doping, become HTSC. Of central interest is the tranas usual. In the doped region, one finds a large number of
sition from the insulating antiferromagnetidF) state to the solutions of the HF equations that correspond to metastable
metal state at high doping. Experiments on HTSC show thaspin and charge configuratiotfs.

AF correlations are also important away from half filling, but ~ Such numeric calculations are important to learn what the
despite much effort a satisfactory theoretical understandingssential features of the Hubbard model are. Ultimately,
of HTSC based on the Hubbard model has not been achievdtbwever, it would be desirable to develop analytic methods

(for a recent review see Ref).3 taking into account these essential features and allowing
Hartree-FockHF) theory is the basis of most successful simple computations. In this paper we propose such a
theories in solid-state physics:... modern many-body method, which corresponds to an averaging over highly de-

theory has mostly just served to show us how, where, andenerate HF solutions. This leads to a simple homogeneous
when to use HF theory and how flexible and useful a techmean-field description of AF in the doped Hubbard model,
nique it can be’* One should thus expect that it is useful which makes manifest the physical expectation that, at large
also for correlated electron systems. Indeed, HF theorgnough length scales, the system should appear homoge-
seems to be a good starting point for describing the halfneous even if the HF solutions are not. The results of this
filled Hubbard model. For strong coupling, it predicts apaper are restricted to the simplest nontrivial ansatz for states
ground state with AF long-range ordéXeel state¢.® This  describing AF order. We find that already this approximation
state is invariant by translations by two sites and thus allowsllows one to systematically determine the parameter regime
a simple analytic treatment using Fourier transformationwhere no homogeneous AF solutions of the HF equations are
Away from half filling, HF theory of the Hubbard model possible, and it leads to a simple understanding of this phe-
becomes very complicated. The reason for this is an apparenbmenon. Our approach can be interpreted as an approxima-
rigidity of the AF ordered electron system, which does nottion of the exact partition function by restricting the sum
allow homogeneous doping. A variety of inhomogeneous HFover the(huge set of all states to émal) subset that one
ground states have been found, including magnetic domaiohooses to represent the “most important states.” This ap-
walls® magnetic polarons, magnetic vorticespiral state§,  proach is very general and can be systematically refined by
and phase separatiSnSystematic investigations of these increasing the subset of states taken into account. Thus one
states have been done by numeric methods and were rean obtain increasingly complicated approximations, which
stricted to small dopings and finite latticEsin these calcu-  will give increasingly refined information about the dominat-
lations the HF equations for general space-dependent Hirg states of the system. Moreover, fluctuations can be natu-
fields are analyzed. Denotirfgnaginary time as7 and lat-  rally taken into account in this approacthis will be only

tice points a, these HF fields are outlined in this paper
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It is often believed that mean-field theoflgased on HF We now discuss in more depth the nature of this approxi-
equationgis not appropriate for correlated fermions systems.mation, which is necessary to correctly interpret our results
We propose that it is only mean-field theoiy its usual described below(this paragraph is not essential for under-
formulation that fails. Our approach leads to a generalizedstanding these results, howekdt is important to note that
mean-field theory that we believe is a reasonable startingur Eq.(3) is not only obtained by summing over the éle
point for a good theory of these systems also. Fluctuationstates Eq.(2), but in fact also by summing over a much
are important, of coursgespecially in two dimensionsbut  larger class of configurations E@L) wherer(x), s(x), and
are corrections to generalized mean-field theory, as dise(x) are “slowly” varying functions with “fast” changes
cussed. occurring only in a small fraction of the total spacetime vol-

We now describe our method in more detail. We recallume: there are such configurationihout long-range order
that the HF fieldsp(x) = (¢o(X), (X)) in Eq. (1) naturally  but still so that theylocally resemble a N&l configuration
appear if one writes the exact partition function of the Hub-Eg. (2) so much that adding their contribution to the partition
bard model as a boson path integral using a Hubbardfunctions essentially leaves the result unchanged. These con-
Stratonovitch transformationZ = [ Dgpexg —F(¢)].1* The  figurations describe states wilbcal AF order (i.e., they
boson actionF( ¢) here has a simple physical interpretation: have a finite correlation lengthFor these configurations, the
it is the free energy of noninteracting fermions in #ader-  boson action can be computed &s: F,+ F; with
nal boson fields¢(x). HF theoér‘%/ amounts to a saddle point
evaluation of this path integraf. Since 7(¢) is a compli-
cated functional ofp, a search of the relevant saddle points fo(@:E fo(r(x),s(x)), )
among all possible spacetime-dependent boson field configu-
rations¢(x) is not feasible. Thus usually a certain ansatz forand 7; a correction involving gradient terms that are negli-
¢(x) is made. We will refer to this procedure aean-field gibly small if r(x), s(x), ande(x) change sufficiently little.
theory the search for saddle points &% ¢) restricted to a This formula has a simple physical interpretation: for states
(small subset of boson configurations. Obviously one carwith local AF order, each spacetime poixtcontributes a
expect this to give a good description of the system only ifterm f,(r(x),s(x)) to the fermion free energy. This term
this subset is chosen so as to contain boson configuratiornkepends only on the localandr values(the local direction
that are sufficiently similar to the saddle points that actuallyof the AF order is irrelevantand thus is the same one would
dominate the exact path integral. We now propose the folhave in a Nel state, provided (x), s(x), and ex) have
lowing: instead of analyzing the saddle point equations bysufficiently little variation. This argument immediately
restricting to some subset of boson fieldpproximate the shows that Eq(3) is also obtained if we sum over all boson
HS path integral by summing over all boson configurationsconfigurations Eq(1) with s(x) =s andr (x) =r constant but
in this subsetParametrizing this subset by finitely many real g(x) varying not much as a function of. More generally,
parameters, we thus approximateby a finite-dimensional we will show that alscs(x) andr(x) are allowed to vary,
integral. In many interesting cases one finds that a saddlgrovided the average correlation volume whexe) and
point evaluation of this integral is exact, and we recoverr(x) are constant is sufficiently large: if we sum over such
standard mean-field theoiy case there is only one relevant configurations, we also obtain E() but with '8|_d replaced
saddle pointin general, we obtain a generalized mean-fieldby this correlation volume. To avoid misunderstanding, we
theory allowing for degenerate saddle points to contribute tgtress that this does not mean that the effect of fluctuations,
the partition function. To be more specific, for the Hubbarddomain walls, etc. is not important: this argument only
model the simplest ansatz for boson fields Bg.describing  shows that a nontrivial solution of HF equatiofi®., with
AF order is s#0) resulting from Eq.(3) should not be interpreted as

_ Neel order but as the existence lotal AF correlations. To
Bo(X)=1, P(x)=see'®*. (2 decide whether there is long-range order or not one has to go
) , ) beyond this simple approximation. For example, one can im-
Equation(2) de'scnbes a Nal state, i.e., A'F Ipng—range order. prove Eq.(3) by making a more general ansatz for the boson
This ansatz gives a reasonable description of the HUbbaré’onfigurations¢(x) to be summed ovefdescribing, e.g.,
model at half filling, thus it is natural to also attempt it in the yomain walls, etg, or one can include the effect of fluctua-

doped regime. One can sum over all configurations of thgjons Only this will give more detailed information about the
form Eq. (2) and thus approximat& by an integral over,  stycture of the state.

s, ande. SinceF in this case is proportional to the spacetime A main result of this paper is that, in a big parameter
volume, F=BL%(r,s) [L¢ is the number of lattice sites, regime, the integral in Eq3) has two relevant saddle points:
fo a function given in Eq(19) pelov_v], and independent of 56 withs=s*>0 corresponding tdlocal) AF order, and
e and the free energy per lattice site(ls= —In(2)/AL%, we  another withs=0 corresponding to no AF order. This means
obtain that no HF solution of the form Eq2) exists and, as dis-
cussed below, unusual physical behavior is to be expected.
o ALY _ f”dsf“ dre-AL%o(r.9) 3) Physically this can be interpreted as follows: Fhe homoge—
0 — neous AF ordered electron system can only exist at half fill-
ings, and the only way to achieve doping is to have the
(the e integration gives an irrelevant constant factor, whichchemical potential such that the AF saddle point is degener-
we drop. In the thermodynamic limit — o, the saddle point ate with a trivial one, which serves as a particle reservoir.
evaluation of this integral is exact. The analysis of the integrdB) provides a simple and sys-



55 MEAN-FIELD APPROACH TO ANTIFERROMAGNETIC ... 9441

-1.0 T T T 0.0

gal_)zT:U(;ﬁ?gt u=0,....8t (b) T=0.172t

— p=0,...,8t

—— p=p,=4.368t —— =u,=4.376t

=8t
5.0 2.9
-3.0
00 20 40 64
-6.0 L L L X L L '
0.0 2.0 4.0 6.0 8.0 0.0 20 4.0 6.0 8.0
s/t sit
0.010 (
0.005 |
5
o
)
:_f
0.000 |
— p=p,(1+i/1000)
- u=4,=5.0193t
-0.005 . . '
0.0 0.5 1.0 15 2.0

s/t

FIG. 1. Dependence of effective actibh in Eq.(27) on the magnitude of the antiferromagnetic ordéor a sequence of different values
of the chemical potential and different temperatufesRef. 15. Parameters here ak#/t=10 andd=2. (a) Temperature close to zero
(T=0.009). Note that there are sometimes two minima, and these become degenerate at a critical value of the chemical potential,
n= . (bold curve. Inset: Closeup with additional curves far=u.(1+i/100),i=0,=1,=2. (b) Higher temperature but still beloWw*.
Otherwise the same as {8). Note that the nontrivial minimum now becomes slightlydependent close ta= .. (c) Temperature above
T*. Note that there are no longer two minima possible at the sanWe zoomed in close tp = i where the nontrivial minimum merges
with the trivial one and disappears.

tematic way to determine the parameter regime where thieendency to phase separation is a general feature of holes in
happens. The resulting phase diagrams for the Hubbaran antiferromagnét’® Our method can be regarded as a
model and different parameter values are shown in Fig. 2simple systematic way to check this conjecture, without any
There are always three different regimes: an AF regimeestriction of parameters: the occurrence of two degenerate
where the nontrivial saddle pointss=s*>0 dominates, a saddle points shows that there is a frustration not allowing a
free regime with the only relevant saddle paéstO, and the  homogeneous distribution of holes. However, since in Eq.
mixed regime discussed above. The dopipgeparating the (3) the effect of phase boundaries is not included, no infor-
AF regime from the mixed one increases with temperature amation about the actual distribution of the holes is obtained
it approaches the doping separating the mixed and the free that way. Previously it has been suggested that the size of
regime. At a characteristic temperaturé, x; merges with  pure-phase regions is limited only by long-range Coulomb
x, and the mixed regime disappears. Note that sinceOx  forces™® However, numeric results show that this happens
the free regime describes metallic fermions, i.e., there is also without long-range forces. Within our formalism, a
Fermi surface with a finite density of statd30S). For low  more detailed understanding of the distribution of the two
temperatures, x=0; i.e., the AF regime is insulatingho  different phases can be obtained by summing over a larger
DOS at the Fermi surfage class of boson configurations, e.g., configurations describing
It it known that, in various limits, holes in thed and  domain walls of variable size.

Hubbard models accumulate in hole-rich regions separated We finally note that our approach not only provides phase
from pure AF regions, and it has been conjectured that thisliagrams but also gives approximations for all observables in
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FIG. 2. Phase diagram for the 2D Hubbard model and different param@elst=10 andd=2, (b) U/t=2 andd=2, (c) U/t=10 and
d=3. Note that the phase diagram is qualitatively the same in all three cases. At fixed low tempEriduerre is a homogeneous phase |
with local AF order for doping less than xand a homogeneous metallic phase Il without AF correlations for doping larger thamtke
regime between xand % these two phases coexist.=x0 for low temperatures, and it increases withuntil a characteristic temperature
T*, where it merges with xand the mixed phase disappears. For highénere is a smooth transition from phase | to phas& |} is the

highest temperature at whidbcal AF order exists.

the system: An exact formula for all Green functio@sof
the Hubbard model is given by the path
G=JDaoexd —F(p)1Go(P)/Z, whereGy(¢) is the corre-
sponding Green function afoninteractingfermions in the
external boson fields. Thus by our restricted path integral
method we obtain approximations Gfby finite-dimensional

Eqg. (5) gives a simple description of a system where two

integral different kinds of fermions coexist. This system does not

resemble a conventional Fermi liquid. We stress, however,
that Eq.(5) only gives a good quantitative description when
the effect of phase boundaries can be neglected, and it only is
appropriate on length scales where the two phases appear

integrals. In the case where this integral is dominated only bsomogeneously mixed. Thus this description applies in the

one saddle point, we obtatB= Gy( ¢saqqid, I-€-, Green func-

case of phase separatibhlf there is a doping regime of

tions of no_ni.nte_racting fermigns. This is a.simple descriptionHTSC where this description is adequate, the physical prop-
of a Fermi liquid. For the mixed phase discussed above werties there should be of two different coexisting kinds of

get

©)

with a weight factorw changing smoothly froow=0 at
doping x=x; to w=1 at x=x,. Here Go(dar) [dae the
Neel state Eq(2) with s=s*] describes AF ordered fermi-
ons that are “heavy,” andy( ¢yiy) [¢wiv the configuration

G=(1-w)Gy(dar) + WGqo( dyiv),

fermions. There is some experimental evidence for this, as
discussed in Ref. 13.

The plan of this paper is as follows. In the next section we
describe our path integral formalism, stressing a few impor-
tant technical details. In Sec. Il our approximation ER).to
the partition function is derived, and we outline how to ob-
tain refinements to this approximation. In Sec. IV we analyze
Eq. (3) and calculate the resulting phase diagram of the 2D

Eqg. (2) with s=0] describes free, metallic fermions. Thus and 3D Hubbard model for a few representative parameter
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values. Section V contains an outline of how to include fluc-which are the density and spin of the electrons;
tuations. We end with conclusions in Sec. VI. Some technio=(0,0,,03) are the Pauli spin matrices as usual. Mani-

cal details are deferred to the two Appendices.

II. PATH INTEGRAL FORMALISM

festly invariant forms for the interaction would be
S,=UZ,n(x)%/2=—=,5(x)?/6, but both of them do not

make manifest the Pauli principle: they contain terms
n,(X)2=[¢,(x) ¥,(x)]? that are zero only by the Grass-

In this section we review the path integral formalism for mann nature of the fermion fields. It is well known that the

the Hubbard modéf* concentrating on some important

latter is not preserved in mean-field theory. In our framework

proaches.

Configuration space is labeled by=(rx), where
O0=7<p is the usual imaginary time and are vectors in
spaceA, . Our spaceA, is a subset of thel-dimensional
cubic latticeZ¢ (i.e., we set the lattice constant equal o 1
In intermediate steps of our derivation we will implicitly
assume that\| is a finite cub€li.e., x=(xq, ... Xg) with
—L/2=x;<L/2, L an integer multiple of 4 ane<e«) with a
finite numberL? of points, but we will eventually take the
thermodynamic limitL—c. We are mainly interested in
d=2 and 3.

saddle point equations. This is why both aforementioned
choices for the interaction lead to different saddle point
equations, both different from the Hartree-Fock equations,
and are not appropriate. We thus must make sure to have no
such terms present. Writin§,=UZX,[n(x)2—s;(x)%]/4 as
above does make the Pauli principle manifest., contains

no termsn,(x)?], but so does

2_ ) 2
S n(x)2=[e(x)s(x)] ©

4

To define the Hubbard model in this setting, we introduceyith arbitrary unit vectorg(x) [e=(e;,€,,e5)]. In these ex-

fields_at every poinx=(r,x), which are Grassmann vari-
ablesy,(x), ¢¥,(x) carrying a spin indexr="1,]. The ac-
tion is S=S,+S,;, with the quadratic part
S,=—(4,Go %); we use a matrix notation, i.e.,
(1,0)=Zxof o (X)8o(X), Z,=JEd784 0, and Gy (x—y)

is the inverse of the free electron propagator with the Fourier

transform
(Go) "Mk =[iwy+p—e(k)]oy, (6)
where
d
e(k)=— 2@1 cogk;) )

is the Hubbard band relation ang, the 2x2 (spin unit
matrix. Herew,=(2n+1)«/B (with n an integer are the
usual electron Matsubara frequenciels=(kq, ... Ky,
—a<k;<, are the pseudomomenta, ands the chemical
potential.  The  Hubbard interaction  term
Sy=UZ, () (X) ¢ (X) ¢ (X). With that we can write
the partition function of the Hubbard model
Z=[DyDye S, where [DyDy=11, ,[dy,di, are the
usual Grassmann integrafs.

is

We now come to an important technical point. We recall
that there are many equivalent ways of writing the Hubbard
interactionS,. This ambiguity corresponds to an ambiguity

in how to introduce Hubbard-Stratonovit¢HS) fields, and

as

pressions, S(2) invariance is not manifest. However, we
can average over the directioréx) thus make SU(2) in-
variance and the Pauli principle manifest at the same time.
Our HS transformation therefore is

exp{—%[nz—(es)z]

1
_ 2
47U jpd¢ofRd¢sf4ﬂd ©
bot b3
o - 55

(Note that the left-hand side here is independene.piWe
thus have, for each spacetime painfour HS fields¢y and
b= de=(p1,d,¢p3) corresponding to densiticharge n

and spins. SinceS, is invariant under(x) — —e(x) we use
[rd oS 1,d%e=2[ sd>p/ $p? and write the interactions as

+igon+ ¢Se-s).

efs4:f Dpe~ W66~ (b,
where(up to an irrelevant constant factor which we drop

d3ep(x)

f D¢=1_X[ ﬁﬁd%(x) R P(x)?

(10

it turns out that the saddle point equations one finally obtaing!€r® and in the following we use a convenient matrix nota-

depend on the choice of HS fielfsTo obtain an appropriate
form for the partition function, we use () (gauge and
SU(2) (spin rotation invariance of the Hubbard model. We
note that these symmetries are manifest for the t8snbut
S, as written above is not explicitly SB@) invariant. To find
a manifestly symmetric form for the partition functidrwe
introduce

=2 Uy, =2 U @erthy, @)

tion (¢, ) ==, oba(X)? (¢=0,1,2,3), and

() =i0d0(X)+ 0 $(X). (1)
With that the electron can be integrated out and the partition
function becomes a path integral over the HS fields,

Z= f Dope 1P, (12

The HS action is equal to
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Go(#) =[Gy~ ] (18b)

is the Green function of noninteracting fermions in an exter-
The trace Tr formally is defined for operators nal field ¢. (This formula is easily obtained from standard
A=[A,,/(x,y)] (acting on electron one-particle statess expressions for fermion Green functions in the path integral
TrIA=Z, (As(X,X). formalism¥) Similar formulas holds for all other Green

We note that all details of the form of this path integral functions.

are essential for the approximations introduced in the next
section to work. For example, the presence of the variable Ill. RESTRICTED PATH INTEGRAL METHOD
e(x) allows to describe, in a natural way, the effect of ) . ) .
changes in the direction of the AF order parameter. In this section we present the restricted path integral

The free energy densitfor rather thermodynamic poten- Method and derive our generalized mean-field equa®on
tial) is defined as We first sum over the N states since this immediately

leads to Eq(3). To clarify the meaning of this equation, we
o1 then show that it is also obtained if one sums certain classes
Q(B,pu)=—lim L—C,EIn(Z), (14 of states with local AF order but no long-range correlations.
L= We finally outline how to systematically refine our approxi-

and the electron density fixes the chemical potential via thénation.

1
F(p)=5(6.:h)=TrIn(Go '~ ). (13

equation
0 A. Summing over Neel states
J . . "
X=— —. (15) For a boson configuration Eq2) describing AF long-
I range order, the HS actiofl3) can be evaluated exactly

We find it convenient to make particle-hole symmetry mani-using Fourier transformation. We obtaff BL, (i.e., the
fest in our formalism, and not use the electron density 2action is proportional to the spacetime volumia the ther-
(average particle number per sitaut the doping parameter Modynamic limit,

x=n—1. Thus—1=x=<1, and x=0 corresponds to half fill-

i ' i i : r2+g?
ing. Ther_1 interchanging particles and holeg S|'mply amounts fo(r,s)= — f dK[Lng(E;)+Lng(E-)] (19
to changingu— — u, Xx— —Xx. Technically this is achieved u
by defining with the function Lry(E) defined in Eq(17), and
lweg 1 1 BE d
- N = dk
B% - 2tanl‘( > fg(E). (16 j HREJ e 20
777SkiSﬂ'

Here “reg” indicates that this sum is only conditionally con- ) ) o

vergent and thus a certain summation prescription is used -'€@ns integration over the Brillouin zone. Moreover,
this is what is defined by this formula. This definition )

amounts to choosing a particle-hole symmetric summation E.=ir—pu*e(k)*+s (21

prescription for the conditionally converging Matsubara SUM_ e the AF bands as usual. Note thiatdoes not depend on
defining the Fermi distribution functiof,(E) [i.e., the stan- usuat & b

S . ‘7 i the directione of the AF order, as expected. A formal deri-
E 1 ’
dard Fermi distribution functione’=+1)"* is shifted by a vation of this result from Eq(13) can be found in Appendix

constant so that it becomes odd under exchaage—E|. A. It has a simple physical interpretatiof./ dkLng(E-) is

We stress that this choice is just a matter of convenience: qh, oo energy density of non-interacting fermions with dis-
course, one could use the standard Fermi distribution func:

tion throughout at the cost of having more complicated for-PErSton relations. (k).

; ) ! From this we get the doping of the fermions in theeNe
mulas for the particle-hole transformation. We will also needback round?2) as X{,S)= — dfo(r,S)/dp, i.e
the following Matsubara sum 9 ’ O+ SHT O, TE-

Lgrea |n(iwn—E):1|n2coslf%E>ELnB(E) 17 X(r's):jW[fﬁ(E””ﬁ(E*)J' 22

Bon B

formally obtained by integrating Eq16) [here the regular- o

ization “reg” also requires to drop an infinite but  \ye now approximate the path integfd2) by summing
E-independent term; in the stanEdard conventions the right(-)my over the Nel states Eq(2). Since the integrand then
hand side here would be It 1B]. _ depends only om ands, the path integratioff D¢ Eq. (10)

We finally give an exact formula for the two-point Green 1o ces tof Zdsf™ _dr (up to an irrelevant constant; we in-
function G=[G,(x.y)] of the Hubbard model, troduced spherical coordinatefysd® ¢/ ¢?= [;ds/ 4,d%€).
Thus we obtain

where withf ;(E) Eq. (16) is our fermion distribution func-

6= | PoeT96y) (189

sz drf dse Vio(rs), (23
where —» 0
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whereV= LY. Using the definitionZ=exp(—V€) we get and X labels different blocks. For these configurations
Eq. (3). With that, the particle number constrai(tt5) be-  F(¢)=3,fo(r(X),s(X)), which equals ZyVyfy(r(X),

comes s(X)), and this defines the correlation volumég. The cor-
1 rection F; to this should be proportional to the number of
_t(" e Vio(1,9) points that belong to the boundaries of different blocks
X fower’o dse X(r.s) @49 (whatever their form ig thus it can be made negligibly small

. ) . . _ by choosing Vyx sufficiently big. We now sum
with x(r,s) defined in Eq.(22). We are interested in the over these configurations. SincéDe=1I1,[T1¢[dgo(X

thermodynamic limitv—, thus the saddle point evaluation _ 434X+ £)/ b(X+ £)2]. the path intearal in Eq12) re-
of the integrals in Eq923) and(24) is exact. When there is str?:teffo thie(ﬁéonfiggzjr]étionspgives g q12

only one relevant saddle point, we recover Hartree-Fock
theory restricted to the ¢ states. d2H(X)
211 [ o |
LI | dgo®) | <55

We now show that Eq(23) is also obtained if sum over which we can write asZ=IIyexp(—Vx{ly), where
configurations with only local AF order, i.e., configurations Qx=Q(Vy) is defined by Eq(23) with V replaced byy.
of the form(1) wherer(x), s(x), ande(x) do not vary much  We thus ge) =24V Qx/Z«Vx. If we assume the configu-
in spacetime. In the following we restrict ourselves to con-rations summed over such thdk=V is independent oK,
figurations¢ such thatF(¢) = Fy(¢) + Fi(¢) with 7y Eq.  we immediately obtain Eq(23). More generally, we also
(4) and F; negligible, i.e., lim_...F;/BLY=0; in this case obtain Eq.(23) if Vy is allowed to depend oiX; V in this
we write F=F,. We do not attempt to further specify what case is to be interpreted as an average correlation volume.
these configurations are. The only point important for us is We now turn to configurations in the second class. Let
that there are such configurations without long-range orders(k) andr (k) be the Fourier transforms a{x) andr(x) in
Using Eq.(1), the path integratiofiD¢ Eq.(10) becomes Eq. (1). We consider boson configurations where these are
different from zero only for “small” K, i.e., |@n| <1/ time
* * 2 and |k|<1// ,ace FoOr these we can use the approximation
11 Lodr(x) Jo ds(x) Lwd &(x)- F($) =SV (K),s(k)) (which definesV) where the
) . . . prime indicates summatiofor integration over ‘“small”
We see that if we sum over configuratiogs for which  omenta only. If we restrict the path integration
F=F [Eq. (4)], the integration over the(x) is irrelevant Eq. (12 to these configurations,[D¢ becomes

S;r?%rgr:jt)rgf;e)gnly a constant factor B[Eq. (12)], which 1, f dbo(K) 3 (K)/ (K)?, and we again obtain EG23).

We first sum over all such configurations witlix) =r
and s(x) =s independent ok but e(x) changing(i.e., the
magnitude of the AF order parameter is constant but not its As discussed, Eq(3) is one simple approximation of
direction. For all these configurations we again obtain many possible approximations of the partition functidiby
F=BL%(r,s), thus summing over these configurations wefinite-dimensional integrals. The simplest way to obtain Eq.
obtain Eq.(23) as before. (3) is by summing over the N# states, Eq(2). The strategy

We now sum over even larger classes of configurationgor refining this approximation is by the following natural
allowing also for spacetime-dependeik) ands(x), which  generalization: make an ansatz for a set of boson configura-
have sufficiently large spatial and temporal correlationtions[Eqg. (1)] parametrized by real parameterg; so that
lengths /'gpace @Nd ~ime, respectively. One can regard with one such configuration all others related to it by sym-
/ space @Nd /ime @S variation parameters: calculaZe[Eq.  metry transformations are also in this set. If all these con-
(12)] by summing over a class of configurations characterfigurations are periodi¢the period can be largethe HS
ized by these two parameters and determine them so as #gtion configuration will be proportional to the total space-
minimize the free energ@. In this case we also obtain, to a time volumeBLY, and it depends on the; . Restricting the
good approximation, Eq. (23) but now with path integral in Eq(12) to these configurations we get an
V%(/Spacgd/ﬂme the correlation volumenote that these approximation ofZ by a finite-dimensional integral over the
correlations only refer to the magnitude of the AF order buta;, and the saddle point evaluation for this integral is exact.
not to its direction. To illustrate that the precise structure of  The nontrivial task is to find a useful ansatz for the boson
the boson configurations summed over does not affect theonfigurations. We suggest using numeric studies of HF
final result, we consider two different classes of configuratheory’'°as a guide. One other criterion for a “good” an-
tions. The first class contains configuratiopéx) so that satz is, of course, that one can eadilije best would be
most pointsx belong to a sufficiently large region so that analytically evaluate the HS action for the configurations
¢(x) restricted to this region equals a ®&leconfiguration, considered.
Eq. (2). For configurations in the second class, the Fourier
modes ofr (x), s(x), ande(x) have support sufficiently close
to k=0 but otherwise are arbitrary.

A configuration in the first class can be characterized as In this section we present numeric results for the solution
follows: setx=X+ £ whereé is a coordinate in a block.e.,  of our mean-field theory, Eq3). We discuss in detail the
S(X+¢§), r(X+¢&) are (approximately independent of¢],  calculation for the two-dimensional Hubbard moddH2)

e*foo(r(X)'S(x))’

B. Summing over states with local AF order

C. Refinements: An outline

IV. NUMERIC RESULTS



9446 EDWIN LANGMANN AND MATS WALLIN 55

and the parametetd/t=10 motivated by HTSC.To dem- Xp=—0dt*(0)/dul| -, (which is larger than 0.5 here; note
onstrate that the phase diagram in this approximation ign 4t x is monotonicaily increasing witpy). Thus the only
qualitatively always the same, we also present results fofqning that can be obtained with the nontrivial minimum
three dimensionsd=3 andU/t=10) and weaker coupling ¢_ ¢+ jg x=0, and for the trivial minimums=0 only dop-
(Ut=2,d=2). _ _ - ings x>x, are possible. A finite doping regimg X x<x, is
Standard integration routines were used to numericallya¢ ot by this (x=0 here but will be nonzero for higher
evaluate thek integrals defining the functions in Eq&L9) temperatures; see belpvihe only way to get doping in this
and(22), solve Eq.(26) below, etc. In all our calculations we  oqime is to haves so close tou, that both saddle points
ensured that numeric errors are negligible. can contribute to the integral Eq.28). Indeed, for
pu=pctou we have f*(s*)—f*(0)=—(x;—X,) Su+
A. Saddle point evaluation 0(5,“2) [X1,2= _af*(s)/ﬂr“u:uc at s=s* and O,
We now describe in detail how to evaluate the integral inrespectively, which suggests that we can adjust
Eg. (3) in the limit L—c under the constraint Eq24). We  Su=0(1/N) such that the saddle points=s* and s=0

first perform ther integral (uw dependence suppressed contribute with relative weightv and (1—w) to the partition
function Eq.(28) and dopings x between,»and % are pos-
e*Vf*(s):f dre7Vf0(r,s) (V—>OC), (25) Sible,
- X=WxX;+(1—=wW)X,. (29

where V=pgLY and A=B here means that
limy_.[In(A)—In(B)]/V=0. The saddle point equation for
this integral isofy/or =0, i.e.,

(We give a more careful argument in Appendix B Zhis
equation fixesnv by doping, and one can now forget about
S, which, forV—co, becomes zero.
i Standard mean-field theory corresponds to evaluating the
r=-zUx(r.s) (260  integral(23) by insisting on having only one relevant saddle
point. ThenQ=fy(r,s), wherer and s solve the saddle

[we used Eq(22)]. This equation has a unique purely imagi- point equationsif,/dr =df,/ds=0, i.e., Eqs(26) and
nary solutionr=r*(s), and one can show that this saddle

point dominates the integral in Eq25), and a standard 3 fa(Ey)—fg(E-)
saddle point evaluation gives s=-sU| dk E.—E_ . (30
f*(s)=fu(r*(s),s). (277  The doping constraint Eq15) becomes
The complete justification of this result is somewhat techni- X=X(r,s), (3D
cal and deferred to Appendix B 1. ) o ]
With that we get from Eq(23), which makes Eq(26) trivial, r = —iUx/2, and one needs to

consider only Eqgs(30) and(31): for fixed s, Eq. (31) fixes
B © o the renormalized chemical potential=u—ir=u—Ux/2,
7= VO fo dse Ve (Vox), 28  and Eq.(30) determines the possibtevalues. In general one
gets more solutions. However, from our discussion above it
Note that r*(s) enters here only in the combination is clear that in the doping regimg X x<x, none of these
w=p—ir*(s)=u—Ux(r*(s),s)/2. Physically this can be solutions is appropriate: the trivial solutia=0 is not an
naturally interpreted as renormalization of the chemical poabsolute minimum off*(s), and the nontrivial solutiors
tential by the Coulomb energy. Sindé(s) is real valued, # 0 corresponds to the maximum ©f(s). We conclude that
this integral is determined by the absolute minimumthe correct mean-field theory corresponds to a saddle point
(minima) of this function. Plotting the functiorf* (s) for  evaluation of the integra(3) under the constrainfl15) as
different values of the chemical potentialsis thus a simple  described above: one can have two relevant saddle points of
way to understand why degenerate saddle points occur. equal importance
Figure Xa) shows such a plot at a fixed temperature close Up to now our discussion has been restricted to low tem-
to zero!® We see that foru=0 up to some critical value peratures. At higher temperatures the situation is similar,
un=puc, the absolute minimum of*(s) is at a finite value only that the mixed phase occurs in a doping region
s=s*, which thus dominates the integral in E@28), X1 <X<X,, Where x>0, and for dopings &x<x,; one can
Q=f*(s*). For u>u. the minimum ats=0 takes over, have the nontrivial saddle point alone. This can be easily
andQ=f*(0). Werefer tos=s* ands=0 as the nontrivial understood from the plot df* (s) for different chemical po-
and trivial minima(or saddle points respectively. We see tentialsu in Fig. 1(b): The nontrivial minimumf*(s*) is
from Fig. 1(a) that the nontrivial minimum is always at the completely independent @f again, except in a tiny region
same values=s* (independent ofu<u.), and also close to the criticalu. where the two minima become de-
f*(s*) does not change witly. Thus x=—9f*(s*)/du is  generate[inset of Fig. 1b)]. The explanation for this is
always 0, and the nontrivial minimum can only account forsimple: as long ag is in the AF gap, it has no effect on the
half filing. The physical interpretation of this is that for doping, only when it comes close to the band edge the dop-
s=s*>0, we have AF bands with a gap, and as longtas  ing starts to depend op due to thermal effect§.e., since
in this gap it cannot affect the doping. Fqu> u., Fermi distribution function no longer is a step functiom-
we see that x—gf*(0)/du is always larger than creasingu further, the nontrivial minimum starts to move
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but soon the trivial minimum takes over. The value tions in our formalism. As an illustration, we discuss in more
X1=—0f*(s*)/5,u,|#:luc is the upper limit for the doping, detail the effect of fluctuations in the direction of the AF

which can be obtained by the nontrivial minimum without Order using a simple approximation.
superposing the trivial one.

The phase boundary,of the pure AF phase increases A. General formalism
with temperature and approaches the boundamyfithe free

phase, which is quite temperature independiee Fig, Our derivation of mean-field theory in Sec. Ill suggests

2(a)]. At some temperatur@—=T*, x,=x,, and the mixed that a simple method to take into account fluctuations is as
hace disappears lpior tom erathT%T*Z’there is a direct follows: We consider boson configurations of the form
P ppears. P ’ ¢= O+ 5¢ wherep® are the “little” varying ones lead-

second-order phase transition at the critical filling from ing to (generalizegimean-field theory, ande correspond to
the AF to the free phase with no mixed phase between. Fig: 9 o g . Y P
fast” fluctuations. We assume the latter are such that we

ure 1(c) shows a typical plot of*(s)—f*(0) for different can expand
chemical potentialg for such a high temperature case. We
restricted ourselves to the interesting region close to the criti-

cal u= u. defining %. One sees that far<w., f*(s) has F O+ 5¢)— F(p @)= B,(X) 5, (X)
a nontrivial minimums* (u) lower than the trivial one, but X,a

this minimum approaches the trivial minimum with increas-

ing u and merges with it aft= u [i.e., s*(ue)=0]. The + > Cop(X,Y) 8bo(X) S 5(y)
doping % is equal to—af*(O)/aMMiMc. The qualitative XY, a8
difference from Figs. (&) and Xb) is that there exists ng (329

where the two minima are degenerate. o
Our discussion above suggests that the occurrence of dend neglect thé®(5¢°) terms. The coefficients here are
generate saddle points is a rather stable phenomenon and

should survive corrections to mean-field theory, e.g., by fluc- OF( )

tuations: a nontrivial saddle point can dominate the partition B.(X)= m '

function only in a finitex regime, and whenever not all © =00

doping values are realized in that regime degenerate saddle )

points occur. For the same reason we expect that degenerate C.a(xy)= E 6°F( o) (320)
saddle points are typical also for other interacting lattice api™ 2 8po(X)0ply) ¢:¢(0)’

fermion models.
and depend only o(®). We thus get a simple framework
B. Phase diagrams for taking into account AF and charge fluctuatiofieb(x)

. . -field th i i h
In Sec. IV A we explained how our generalized mean—and O¢o(x) around mean-field theory: integrating over the

. . . . luctuations 8¢ ,(x) gives a correction termsF($(?) to
field theory allows one to determine the different regimes off (0) e X . .
the Hubbard model. In Fig.(8) we have plotted the resulting F(¢™7), which describes the effect of fluctuations. Summing

hen over thep(®) leads to a finite-dimensional integral as

phase diagram. We see the three regions, the pure AR regi(%efore Symbolically we can summarize this procedure as
with only the nontrivial saddle point, the free region with the followé' y y P

trivial saddle point only, and the mixed region where both

saddle points are relevant. The temperafirgis the largest

temperature where a nontrivial saddle point can contribute, e~ 3R = f e—f(¢(°)+5¢)+ﬂ¢<°>>,

and the other characteristic temperatliteis the upper limit S¢(x)

for the mixed region to exist, as discussed. We note that

T.o is equal to the highest temperature where the HF equa- (0 ©)

tions restricted to Nal statedEq. (2)] at half filling have a Z= L(o)(x)e APTNToRET, (329

nontrivial solution. Usually this temperature is interpreted as

the Neel temperature. However, from our derivations it is There is one important point to keep in mind: one can inte-

clear that we should interpret this temperature as the highegfate only over fluctuationg¢, where the second term in

temperature whercal AF correlations occur, and this is to Eq. (323 is positive definite, and this is an important restric-

be expected higher than the &l@éemperature where long- tion on which fluctuations can be taken into account in that

range order disappears. way ® Selecting appropriate “fast” fluctuations therefore is
Our detailed discussion above was for the Hubbard paquite delicate. Also the summation over these fluctuations

rametersU/t=10 andd=2. However, the results obtained will be, in practice, a nontrivial task and require further ap-

are representative. To illustrate this we give two further exproximations.

amples for phase diagrams in Fighp(U/t=2,d=3) and

Fig. 2(c) (U/t=2,d=2). B. Example
As an illustration we consider fluctuatiord®(x) around

states¢(®) defined in Eq(1) with r(x)=r, s(x) =s indepen-
In this section we discuss the effect of fluctuations. Wedent ofx ande(x) =€e®)(x) varying “not much.” Then Eq.

first outline the general scheme of how to include fluctua{32a gives

V. FLUCTUATIONS
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afo(r,s) also states with only local correlation. Thus a nontrivial so-
]-“(¢>)—f(¢(°))=,8Ldee(°)(x)- 5e(x) +0(8¢?), lution of HF equations restricted to long-range ordered states
(33) should not be interpreted as long-range order but only as the
existence ofocal correlations. Moreover, our approach gives
where we restrict ourselves to the lowest-order correctiony systematic way to find increasingly refinéahd increas-
term for simplicity. In a simple approximation, integrating ingly complicatedl mean-field theories, which give a homo-
out such fluctuations amounts to replac#®(x)- 5&(x) by  geneous description of the system even if the HF solutions
its average, which should be arindependent constant. Note are not translation invariant. Our approach also allows one to
that this constant depends ons, 8, u, and on the class of include fluctuations in a natural washe latter is only out-
fluctuations  considered. In any case, sincelined in this paper
[e9(x) + se(x) ]*=e9(x)2=1, this constant is equal to the  Many successful theories in solid state physics are based
average of —d&e(x)?/2 and is thus negative. We get on simple mean-field theory, i.e., HF equations and an ansatz

S5F=BLY, with allowing only for homogeneous solutions. If this latter ansatz
is not appropriate, the system will be much more compli-
£1(r,s)=pLY dfo(r.s) sa, a=-— 1(5e(x)2> (34  cated and it will not resemble a free fermion system. This is

Js 2 the case for the Hubbard model and probably most correlated

fermion models. This is one reas¢md we believe the main
reason why our understanding of these systems is still rather
poor. However, in such a situation a generalized mean-field
theory as proposed in this paper is still possible, and we
believe that this could be the starting point for a successful
where [ here symbolizes integratiosummation over all  theory of correlated fermions systems.

configurationsel®)(x) and de(x) taken into account This

[the averaging ) of course defined through

e = f e AD+F)

then leads to Eq(:3) vyit'h fo replaced byf o+ f;. ' . ACKNOWLEDGMENTS
To evaluatew is difficult. However, one can easily esti- .
mate the effect of these fluctuations by takimgas a fixed We thank P. Hedegd, J. Lidmar, M. Salmhofer, and A.

constant. Then one can determine the phase diagram asSadbofor helpful discussions. This work was supported by a
function of « similarly to that described in Sec. IV. We do grant from the Swedish Natural Science Research Council.
not present numeric results here and only note that, even

though o has quite aquantitativeeffect on the phase dia- APPENDIX A: FREE ENERGY IN NE EL STATE
gram, thequalitative features of phase diagram are very
stable. In this appendix we evaluate the HS action Eb3) for
the Neel configuration Eq(2) and thus prove Eq19). The
VI. CONCLUSIONS nontrivial step obviously is to evaluate TrB{—¢) for
p=irog+se- oe'?*. We recall that our spack, isa cube

In thlsfpaper we 'presfente.d a metgold forhfmdmg approXiyis points  x=(Xy, ... Xy, X integers with
mat'on‘?l or mteract:jng ermions mo Ie s.hT esg_approxml;a-_ L/2=x;<L/2. We find it convenient to write points in
Lo Sl o o eleTine ok nl hase dAgrale UL, “as i where xe Ay and n=(ny.. g Wi
T ystems. Our n;=0,1. Then the Green functic@z(G’l— ) Lis repre-
discussion was for antiferromagnetic correlations and the! ™~ ion invariant 2t Ol
Hubbard model but is straightforward to extend to otherS€Nted by a translation invariant'2'> 27" matrix,
models. In simple cases our approximations correspond to (G) (7= 7' 2%—2y)
generalized mean-field theory, which allows the possibility go’mgny - Mgy ' y
of degenerate saddle points. The occurrence of degenerate _ ,
saddlg points can be erz)asily detected in our formulat?on and =G (n.2HM,7,2y 1), (AD)
reveals a frustration usually referred to as phase separatioand therefore,
However, our interpretation of this phenomenon is somewhat
more general: our approach allows one to clarify the mean-
ing of the mean-field approximation and shows that degen-
erate saddle points only mean that no homogeneous mean-
field solution exists. A more detailed description of the (reg 1,
systems is then necessary, and this requires a refined ap- = E E trInG™“(i wn k),
proximation taking into account inhomogeneous states.
Our approach formalizes the simple and intuitive interpre{,nare tr is the trace over thed®lx 29+ 1 matrix indices,
tation of mean-field theory as an approximation to the exact, is the set of alk=(k . kg) with k=27, /L with
partition function by restricting the summation over the hugey_”i’rzl,[eger and such tha%l7;/2$ |'(_d<77/2. the Fourier trans-
set of states to ésmal) subset, which, on physical grounds, ' ' i

i i — —ik-2x
are expected to represent the “most important states.” Thi.l;Orm is defined a&(k) Zxed G(2x). To evaluate

makes manifest that mean-field theory is not necessarily §9- (A2), we first note that the matrix notation we use here
weak-coupling approximation, and it also makes manifesE0mMes from representing fermion field operators as

that the simplest ansatz of translation invariant Hartree-Fock

solutions not only describes long-range ordered states but ‘/’0”1'“%(7’2)():¢0(7'2X+n)'

B
Trlne—l=f dr > tr(InG™1)(7— 7,2x—2x)

0 xe Ay

(A2)

* 0]
keAZ, “n
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From this we see thab=ir o+ se- o€'Q X is represented by

irog®Roy®- - @0y +5e- o098 -®0;
— —

d times d times

(we use an obvious tensor notatjollVe also need the hop-

ping operators  Tj),(X) = —t[,(X+ &) + ¢, (x— )]
where g is the lattice unit vector in thg direction [i.e.,

e,=(1,0,...,0), etc]. It is easy to see that these are repre-

sented by

T]=0'0® 0'0® . ‘®0'0®T(kj)®0'0® e ®0'o

Jj—1 times d—j tmes
with
e“‘i
T(kj):—ztcos(kj)(eikj 0 ) (A4)
[k=(Kq, ... kgl Thus
G YK =(iwy+p—ir)l—M, (A5a)

wherel=0y® - - - ® o is the 2"1x 291 ynit matrix and

d

M=se 0®03® - ®as+ >, Tj. (A5b)
=1

We now evaluatéM? and obtain

M?=

SZ-I-E ejz
]

1+ 2T{T;,
i<j

wheree; = — 2tcosk;) [we usedr3T(k;) + T(kj)o3=0]. Itis
easy to diagonaliz&1?: let U; be the 2<2-matrix diagonal-
izing Tj, U; 'T;jU;= €03, thenU=0,0U;®---®Uy4 di-
agonalizedV?,

(U_lMZU)aa’mlnz ... myny

— 2 2
= Byt Ompny "+ Omyng| S +; €

+2 eiej(—)”i+ni>. (A6)
i<j

Sinceej(—)"=— 2tcos(<£+nj7-r) for nj=0,1 we see that the
eigenvalues oM? are s°+ e(k+nw)? where e(k) is the
Hubbard band relation Eq(7). Moreover, fore’ a unit
vector orthogonal to e the self-adjoint matrix
C=¢€ 0®0; --®03 obeysC?=1 andCMC=—-M. We
conclude that the eigenvalues Mf are + \/s>+ e(k+ nr)?,
thus the eigenvalues of 1Y(k) are Ifiw,—E.(k+nm)],
E.=E.(k) given in Eq.(21). With Eqgs.(A2) and(16) we
therefore obtain
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TrinG 1= > >

* n o=+,—
keAZ

>

keA¥ o=F.~

BLNgE (k+n)]

BLNglE4(K)], (A7)

where
Ar={k=(kq, ... kg)|—m<k<m Lk/2meZ}
(A8a)

is the Brillouin zone of the full Thus

fi=71BLY, F[Eq.(13)], is

lattice A .

. r24 g2
f =
0 U

>, [Lng(E.)+Lng(E_)]. (A8h)

T qd
L keAX

Since (1LY, .+ in the limit L—o becomes/dk, we
obtainfy=fy [Eq. (19)]. This concludes our proof.

APPENDIX B: SADDLE POINT EVALUATIONS

In this appendix we justify in detail the saddle point
evaluation of our integral, Eq23). We first prove Eq(25),
and then evaluatg (V) for x;<x<x,.

1. Ther integral

For finite L, the HS action Eq(13) for the Nesl configu-
rations Eq.(2) equalsF= LY with f§ given in Eq.(A8b).
We consider

7HC V)= fcdre*Vf8<r'S>, (B1)

with C some integration path in the compleylane. We are
interested in this integral fov—c« and the integration path
along the reat line,

—OSsTS©,

(B2)

Creal'lrea T) = T,

For the saddle point evaluation of this integral below we
need to show that one can defotip, to a path of steepest
descentC4 through the dominating saddle point fyf. This
is nontrivial since Lp(z) has branch points in
z=i(2n+1)wB, n integer. However, ef"s(d=
L
2cosh@z2), thus we see from EqA8b) thate A1) is
analytic for allr # o, andZ-(Cean, BLY) =7+ (Catg, BLY) foI-
lows from Cauchy's theorem. Moreover, since
fo="15+O(1/L), we getZ”(C,V)=1-(C,V)e®V'Y). We thus
conclude that
T (Crean BLY) = T"(Cag, BLYCP. (BY)

In the following we consideZ”(Csq4V). Introducing the

DOS N(E)=fdK[S(E—w)+ S(E+w)] with

w=/s?+ e(k)? we write f;=f, as

242
fo(r)= ¥

—deN(E)Lnﬁ(E+ir—M). (B4)
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The saddle point equatiosfy/dr=0 has a single purely

imaginary solutiorr* =iy*, y* real, where

U

y*=—§J dEN(E)fg(E—y* — ). (B5)

To determine the patfi,y we evaluate
fo(r* +&)=fo(r*)+ag”~ib&*+0(&*), (B6a)

where
B
a:U+f dEN(E) & CosRI BE—y* —n)/2]"
_ BRtant B(E—y* — u)/2]

b—fdEN(E)1ZCOSH[E(E_y*_M)/2]. (B6b)

From this we can determine the path of steepest descent

r*(7r)=7+iy*(r) obeying Info[r*(7)]=0,

b
y*(r)=y*+572+0(r4). (B7)
Note thaty* (7) =y*(— 7). We now choose
7+iy*(7) for |7|<e
Cota T sl 7) = T+iy*(e) for |7]=¢ (B9)

for somee>0. We obviously havér* =r*(0)]
fo(r*(7))="fo(r*)+ar’+0(7%)

Moreover, by a simple calculation

Re fo(x+iy)—fo(iy)]

RS 1 (
—U—deN(E)ﬁln 1

for |7]<e.

sinF?(Bx/2)
- cosH[B(E—y—p)/2]

X2

2 JR—

U 1
thusa>1/U gives the estimatéfor ¢ sufficiently small

U
R fo(rsid 7))~ fo(r*)]= 572 V. (B9)

Thus  T°(CqeV)=e V(...)y  with  |(---)|<
/% dre~ V™2 Combining this with Eq(B3) gives
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— lim \E/In[lm(creahV)]:fo(r*),

Voo

(B10)

equivalent to Eq(25).

2. Degenerate saddle points

For large but finiteV and u close tou. the integral Eq.
(23) equals

Z=e Vit e V2 (B11)

up to correction terms that are irrelevant ¥+~ and thus

will be ignored. The first and second terms here are the con-
tributions from the first and second saddle posits=0 and

s; =s*, respectively,

() =13 (k) +ou(s! ). (B12)

The contributions

1
c(st )=y IA(WV] (A>0)

come from Gaussian integrations in the regions close to the
saddle points. The precise form of tlg actually is not
important for us and we will only use that they vanish for
V—o, UsingZ=e V? and x= — 9Q/du we get

e Vi, +e Vi,
e VI o VI

X= (B13)

where x=—9Q;/du. This is precisely of the form Eq29)
if we choose

W/ (1=wW)=(X,—X)/(X—X1)=exd —V(Q1—Q5)].
For u= p.+ 6 we have

01— Qp=—(X;—X) S+ [Cy(ST ,ite) —Cv(S5 )]

by definition of u., thus we get

Vs - (XZ_ ) (B14)

=— n
# (X2=X1) | X=X
up to terms that vanish fo’v—o. This shows that
6u=0(1/NV) can be adjusted so as to produce arbitrary dop-
ing X between x and %, as claimed in the text.
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