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Mean-field approach to antiferromagnetic domains in the doped Hubbard model

Edwin Langmann and Mats Wallin
Department of Theoretical Physics, Royal Institute of Technology, S-100 44 Stockholm, Sweden

~Received 2 October 1996!

We present a restricted path integral approach to the two-dimensional and three-dimensional repulsive
Hubbard model. In this approach the partition function is approximated by restricting the summation over all
states to a~small! subclass that is chosen so as to well represent the important states. This procedure gener-
alizes mean-field theory and can be systematically improved by including more states or fluctuations. We
analyze in detail the simplest of these approximations, which corresponds to summing over states with local
antiferromagnetic~AF! order. If in the states considered the AF order changes sufficiently little in space and
time, the path integral becomes a finite-dimensional integral for which the saddle point evaluation is exact.
This leads to generalized mean-field equations allowing for the possibility of more than one relevant saddle
point. In a big parameter regime~both in temperature and filling!, we find that this integral hastwo relevant
saddle points, one corresponding to finite AF order and the other without. These degenerate saddle points
describe a phase of AF ordered fermions coexisting with free, metallic fermions. We argue that this mixed
phase is a simple mean-field description of a variety of possible inhomogeneous states, appropriate on length
scales where these states appear homogeneous. We sketch systematic refinements of this approximation, which
can give more detailed descriptions of the system.@S0163-1829~97!01815-8#
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I. INTRODUCTION

The two-dimensional~2D! one-band Hubbard model1 has
received much attention as a simple prototype model
high-temperature superconductors~HTSC!.2 It provides a
good description of the insulating antiferromagnets, whi
upon doping, become HTSC. Of central interest is the tr
sition from the insulating antiferromagnetic~AF! state to the
metal state at high doping. Experiments on HTSC show
AF correlations are also important away from half filling, b
despite much effort a satisfactory theoretical understand
of HTSC based on the Hubbard model has not been achie
~for a recent review see Ref. 3!.

Hartree-Fock~HF! theory is the basis of most success
theories in solid-state physics: ‘‘ . . . modern many-body
theory has mostly just served to show us how, where,
when to use HF theory and how flexible and useful a te
nique it can be.’’ 4 One should thus expect that it is usef
also for correlated electron systems. Indeed, HF the
seems to be a good starting point for describing the h
filled Hubbard model. For strong coupling, it predicts
ground state with AF long-range order~Néel state!.5 This
state is invariant by translations by two sites and thus allo
a simple analytic treatment using Fourier transformati
Away from half filling, HF theory of the Hubbard mode
becomes very complicated. The reason for this is an appa
rigidity of the AF ordered electron system, which does n
allow homogeneous doping. A variety of inhomogeneous
ground states have been found, including magnetic dom
walls,6 magnetic polarons, magnetic vortices,7 spiral states,8

and phase separation.9 Systematic investigations of thes
states have been done by numeric methods and were
stricted to small dopings and finite lattices.10 In these calcu-
lations the HF equations for general space-dependent
fields are analyzed. Denoting~imaginary! time ast and lat-
tice points asx, these HF fields are
550163-1829/97/55~15!/9439~13!/$10.00
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f0~x!5r ~x!, f~x!5s~x!e~x!eiQ•x ~1!

@we write x5(t,x), and our lattice points are
x5(x1 , . . . ,xd) with xi integers#, wheres is the magnitude
of the local AF order parameter,e its direction, andr is a
charge degree of freedom;Q5(p, . . . ,p) is the AF vector
as usual. In the doped region, one finds a large numbe
solutions of the HF equations that correspond to metast
spin and charge configurations.10

Such numeric calculations are important to learn what
essential features of the Hubbard model are. Ultimate
however, it would be desirable to develop analytic metho
taking into account these essential features and allow
simple computations. In this paper we propose such
method, which corresponds to an averaging over highly
generate HF solutions. This leads to a simple homogene
mean-field description of AF in the doped Hubbard mod
which makes manifest the physical expectation that, at la
enough length scales, the system should appear hom
neous even if the HF solutions are not. The results of t
paper are restricted to the simplest nontrivial ansatz for st
describing AF order. We find that already this approximati
allows one to systematically determine the parameter reg
where no homogeneous AF solutions of the HF equations
possible, and it leads to a simple understanding of this p
nomenon. Our approach can be interpreted as an approx
tion of the exact partition function by restricting the su
over the~huge! set of all states to a~small! subset that one
chooses to represent the ‘‘most important states.’’ This
proach is very general and can be systematically refined
increasing the subset of states taken into account. Thus
can obtain increasingly complicated approximations, wh
will give increasingly refined information about the domina
ing states of the system. Moreover, fluctuations can be n
rally taken into account in this approach~this will be only
outlined in this paper!.
9439 © 1997 The American Physical Society
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It is often believed that mean-field theory~based on HF
equations! is not appropriate for correlated fermions system
We propose that it is only mean-field theoryin its usual
formulation that fails. Our approach leads to a generaliz
mean-field theory that we believe is a reasonable star
point for a good theory of these systems also. Fluctuati
are important, of course~especially in two dimensions!, but
are corrections to generalized mean-field theory, as
cussed.

We now describe our method in more detail. We rec
that the HF fieldsf(x)5„f0(x),f(x)… in Eq. ~1! naturally
appear if one writes the exact partition function of the Hu
bard model as a boson path integral using a Hubba
Stratonovitch transformation,Z5*Dfexp@2F(f)#.11 The
boson actionF(f) here has a simple physical interpretatio
it is the free energy of noninteracting fermions in theexter-
nal boson fieldsf(x). HF theory amounts to a saddle poi
evaluation of this path integral.12 SinceF(f) is a compli-
cated functional off, a search of the relevant saddle poin
among all possible spacetime-dependent boson field con
rationsf(x) is not feasible. Thus usually a certain ansatz
f(x) is made. We will refer to this procedure asmean-field
theory: the search for saddle points ofF(f) restricted to a
~small! subset of boson configurations. Obviously one c
expect this to give a good description of the system only
this subset is chosen so as to contain boson configura
that are sufficiently similar to the saddle points that actua
dominate the exact path integral. We now propose the
lowing: instead of analyzing the saddle point equations
restricting to some subset of boson fields,approximate the
HS path integral by summing over all boson configuratio
in this subset.Parametrizing this subset by finitely many re
parameters, we thus approximateZ by a finite-dimensional
integral. In many interesting cases one finds that a sa
point evaluation of this integral is exact, and we recov
standard mean-field theoryin case there is only one relevan
saddle point. In general, we obtain a generalized mean-fi
theory allowing for degenerate saddle points to contribute
the partition function. To be more specific, for the Hubba
model the simplest ansatz for boson fields Eq.~1! describing
AF order is

f0~x!5r , f~x!5seeiQ•x. ~2!

Equation~2! describes a Ne´el state, i.e., AF long-range orde
This ansatz gives a reasonable description of the Hubb
model at half filling, thus it is natural to also attempt it in th
doped regime. One can sum over all configurations of
form Eq. ~2! and thus approximateZ by an integral overr ,
s, ande. SinceF in this case is proportional to the spacetim
volume,F5bLdf 0(r ,s) @Ld is the number of lattice sites
f 0 a function given in Eq.~19! below#, and independent o
e, and the free energy per lattice site isV52 ln(Z)/bLd, we
obtain

e2bLdV5E
0

`

dsE
2`

`

dre2bLdf0~r ,s! ~3!

~the e integration gives an irrelevant constant factor, whi
we drop!. In the thermodynamic limitL→`, the saddle point
evaluation of this integral is exact.
.
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We now discuss in more depth the nature of this appro
mation, which is necessary to correctly interpret our resu
described below~this paragraph is not essential for unde
standing these results, however!. It is important to note that
our Eq. ~3! is not only obtained by summing over the Ne´el
states Eq.~2!, but in fact also by summing over a muc
larger class of configurations Eq.~1! wherer (x), s(x), and
e(x) are ‘‘slowly’’ varying functions with ‘‘fast’’ changes
occurring only in a small fraction of the total spacetime vo
ume: there are such configurationswithout long-range order
but still so that theylocally resemble a Ne´el configuration
Eq. ~2! so much that adding their contribution to the partitio
functions essentially leaves the result unchanged. These
figurations describe states withlocal AF order ~i.e., they
have a finite correlation length!. For these configurations, th
boson action can be computed asF5F01F1 with

F0~f!5(
x

f 0„r ~x!,s~x!…, ~4!

andF1 a correction involving gradient terms that are neg
gibly small if r (x), s(x), ande(x) change sufficiently little.
This formula has a simple physical interpretation: for sta
with local AF order, each spacetime pointx contributes a
term f 0„r (x),s(x)… to the fermion free energy. This term
depends only on the locals andr values~the local direction
of the AF order is irrelevant!, and thus is the same one wou
have in a Ne´el state, providedr (x), s(x), and e(x) have
sufficiently little variation. This argument immediatel
shows that Eq.~3! is also obtained if we sum over all boso
configurations Eq.~1! with s(x)5s andr (x)5r constant but
e(x) varying not much as a function ofx. More generally,
we will show that alsos(x) and r (x) are allowed to vary,
provided the average correlation volume wheres(x) and
r (x) are constant is sufficiently large: if we sum over su
configurations, we also obtain Eq.~3! but with bLd replaced
by this correlation volume. To avoid misunderstanding,
stress that this does not mean that the effect of fluctuatio
domain walls, etc. is not important: this argument on
shows that a nontrivial solution of HF equations~i.e., with
sÞ0) resulting from Eq.~3! should not be interpreted a
Néel order but as the existence oflocal AF correlations. To
decide whether there is long-range order or not one has t
beyond this simple approximation. For example, one can
prove Eq.~3! by making a more general ansatz for the bos
configurationsf(x) to be summed over~describing, e.g.,
domain walls, etc.!, or one can include the effect of fluctua
tions. Only this will give more detailed information about th
structure of the state.

A main result of this paper is that, in a big parame
regime, the integral in Eq.~3! has two relevant saddle points
one with s5s*.0 corresponding to~local! AF order, and
another withs50 corresponding to no AF order. This mea
that no HF solution of the form Eq.~2! exists and, as dis-
cussed below, unusual physical behavior is to be expec
Physically this can be interpreted as follows: the homo
neous AF ordered electron system can only exist at half
ings, and the only way to achieve doping is to have
chemical potential such that the AF saddle point is degen
ate with a trivial one, which serves as a particle reserv
The analysis of the integral~3! provides a simple and sys
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FIG. 1. Dependence of effective actionf * in Eq. ~27! on the magnitude of the antiferromagnetic orders for a sequence of different values
of the chemical potential and different temperaturesT ~Ref. 15!. Parameters here areU/t510 andd52. ~a! Temperature close to zero
(T50.009t). Note that there are sometimes two minima, and these become degenerate at a critical value of the chemical p
m5mc ~bold curve!. Inset: Closeup with additional curves form5mc(11 i /100), i50,61,62. ~b! Higher temperature but still belowT!.
Otherwise the same as in~a!. Note that the nontrivial minimum now becomes slightlym dependent close tom5mc . ~c! Temperature above
T!. Note that there are no longer two minima possible at the samem. We zoomed in close tom5mc where the nontrivial minimum merges
with the trivial one and disappears.
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tematic way to determine the parameter regime where
happens. The resulting phase diagrams for the Hubb
model and different parameter values are shown in Fig
There are always three different regimes: an AF regi
where the nontrivial saddle pointss5s*.0 dominates, a
free regime with the only relevant saddle points50, and the
mixed regime discussed above. The doping x1 separating the
AF regime from the mixed one increases with temperature
it approaches the doping x2 separating the mixed and the fre
regime. At a characteristic temperatureT!, x1 merges with
x2 and the mixed regime disappears. Note that since x2.0,
the free regime describes metallic fermions, i.e., there
Fermi surface with a finite density of states~DOS!. For low
temperatures, x1'0; i.e., the AF regime is insulating~no
DOS at the Fermi surface!.

It it known that, in various limits, holes in thet-J and
Hubbard models accumulate in hole-rich regions separ
from pure AF regions, and it has been conjectured that
is
rd
2.
e

s

a

ed
is

tendency to phase separation is a general feature of hole
an antiferromagnet.9,13 Our method can be regarded as
simple systematic way to check this conjecture, without a
restriction of parameters: the occurrence of two degene
saddle points shows that there is a frustration not allowin
homogeneous distribution of holes. However, since in E
~3! the effect of phase boundaries is not included, no inf
mation about the actual distribution of the holes is obtain
that way. Previously it has been suggested that the siz
pure-phase regions is limited only by long-range Coulo
forces.13 However, numeric results7,3 show that this happen
also without long-range forces. Within our formalism,
more detailed understanding of the distribution of the t
different phases can be obtained by summing over a la
class of boson configurations, e.g., configurations describ
domain walls of variable size.

We finally note that our approach not only provides pha
diagrams but also gives approximations for all observable
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FIG. 2. Phase diagram for the 2D Hubbard model and different parameters.~a! U/t510 andd52, ~b! U/t52 andd52, ~c! U/t510 and
d53. Note that the phase diagram is qualitatively the same in all three cases. At fixed low temperatureT there is a homogeneous phase
with local AF order for doping less than x1, and a homogeneous metallic phase II without AF correlations for doping larger than x2. In the
regime between x1 and x2 these two phases coexist. x150 for low temperatures, and it increases withT until a characteristic temperatur
T!, where it merges with x2 and the mixed phase disappears. For higherT there is a smooth transition from phase I to phase II.TLO is the
highest temperature at whichlocal AF order exists.
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the system: An exact formula for all Green functionsG of
the Hubbard model is given by the path integ
G5*Dfexp@2F(f)#G0(f)/Z, whereG0(f) is the corre-
sponding Green function ofnoninteractingfermions in the
external boson fieldf. Thus by our restricted path integra
method we obtain approximations ofG by finite-dimensional
integrals. In the case where this integral is dominated only
one saddle point, we obtainG5G0(fsaddle), i.e., Green func-
tions of noninteracting fermions. This is a simple descript
of a Fermi liquid. For the mixed phase discussed above
get

G5~12w!G0~fAF!1wG0~f triv!, ~5!

with a weight factorw changing smoothly fromw50 at
doping x5x1 to w51 at x5x2. Here G0(fAF) @fAF the
Néel state Eq.~2! with s5s* # describes AF ordered fermi
ons that are ‘‘heavy,’’ andG0(f triv) @f triv the configuration
Eq. ~2! with s50# describes free, metallic fermions. Thu
l

y

n
e

Eq. ~5! gives a simple description of a system where tw
different kinds of fermions coexist. This system does n
resemble a conventional Fermi liquid. We stress, howev
that Eq.~5! only gives a good quantitative description whe
the effect of phase boundaries can be neglected, and it on
appropriate on length scales where the two phases ap
homogeneously mixed. Thus this description applies in
case of phase separation.13 If there is a doping regime o
HTSC where this description is adequate, the physical pr
erties there should be of two different coexisting kinds
fermions. There is some experimental evidence for this
discussed in Ref. 13.

The plan of this paper is as follows. In the next section
describe our path integral formalism, stressing a few imp
tant technical details. In Sec. III our approximation Eq.~3! to
the partition function is derived, and we outline how to o
tain refinements to this approximation. In Sec. IV we analy
Eq. ~3! and calculate the resulting phase diagram of the
and 3D Hubbard model for a few representative param
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values. Section V contains an outline of how to include flu
tuations. We end with conclusions in Sec. VI. Some tech
cal details are deferred to the two Appendices.

II. PATH INTEGRAL FORMALISM

In this section we review the path integral formalism f
the Hubbard model,12,14 concentrating on some importan
technical details in which we deviate from standard a
proaches.

Configuration space is labeled byx5(t,x), where
0<t<b is the usual imaginary time andx are vectors in
spaceLL . Our spaceLL is a subset of thed-dimensional
cubic latticeZd ~i.e., we set the lattice constant equal to!.
In intermediate steps of our derivation we will implicitl
assume thatLL is a finite cube@i.e., x5(x1 , . . . ,xd) with
2L/2<xi,L/2, L an integer multiple of 4 and,`) with a
finite numberLd of points, but we will eventually take the
thermodynamic limitL→`. We are mainly interested in
d52 and 3.

To define the Hubbard model in this setting, we introdu
fields at every pointx5(t,x), which are Grassmann var
ablesc̄s(x), cs(x) carrying a spin indexs5↑,↓. The ac-
tion is S5S21S4, with the quadratic part
S252(c̄,G0

21c); we use a matrix notation, i.e
( f ,g)5(x,s f s(x)gs(x), (x[*0

bdt(xPZd, and G0
21(x2y)

is the inverse of the free electron propagator with the Fou
transform

~G0!
21~k!5@ ivn1m2e~k!#s0 , ~6!

where

e~k!522t(
i51

d

cos~ki ! ~7!

is the Hubbard band relation ands0 the 232 ~spin! unit
matrix. Herevn5(2n11)p/b ~with n an integer! are the
usual electron Matsubara frequencies,k5(k1 , . . . ,kd),
2p<ki<p, are the pseudomomenta, andm is the chemical
potential. The Hubbard interaction term
S45U(xc̄↑(x)c↑(x)c̄↓(x)c↓(x). With that we can write
the partition function of the Hubbard model a
Z5*Dc̄Dce2S, where *Dc̄Dc5)x,s*dc̄sdcs are the
usual Grassmann integrals.14

We now come to an important technical point. We rec
that there are many equivalent ways of writing the Hubb
interactionS4. This ambiguity corresponds to an ambigui
in how to introduce Hubbard-Stratonovitch~HS! fields, and
it turns out that the saddle point equations one finally obta
depend on the choice of HS fields.12 To obtain an appropriate
form for the partition function, we use U~1! ~gauge! and
SU~2! ~spin rotation! invariance of the Hubbard model. W
note that these symmetries are manifest for the termS2, but
S4 as written above is not explicitly SU~2! invariant. To find
a manifestly symmetric form for the partition function11 we
introduce

n5(
s

c̄scs , s5 (
s,s8

c̄s~s!ss8cs8, ~8!
-
i-

-

e

r

ll
d

s

which are the density and spin of the electron
s5(s1 ,s2 ,s3) are the Pauli spin matrices as usual. Ma
festly invariant forms for the interaction would b
S45U(xn(x)

2/252(xs(x)
2/6, but both of them do not

make manifest the Pauli principle: they contain term
ns(x)

25@c̄s(x)cs(x)#
2 that are zero only by the Grass

mann nature of the fermion fields. It is well known that th
latter is not preserved in mean-field theory. In our framewo
this corresponds tons(x)

2 contributing nonzero terms to
saddle point equations. This is why both aforemention
choices for the interaction lead to different saddle po
equations, both different from the Hartree-Fock equatio
and are not appropriate. We thus must make sure to hav
such terms present. WritingS45U(x@n(x)

22s3(x)
2#/4 as

above does make the Pauli principle manifest@i.e., contains
no termsns(x)

2#, but so does

S45U(
x

n~x!22@e~x!•s~x!#2

4
~9!

with arbitrary unit vectorse(x) @e5(e1 ,e2 ,e3)#. In these ex-
pressions, SU~2! invariance is not manifest. However, w
can average over the directionse(x) thus make SU(2) in-
variance and the Pauli principle manifest at the same ti
Our HS transformation therefore is

expF2
U

4
@n22~e•s!2#G

5
1

4p2UERdf0E
R
dfsE

4p
d2e

3expS 2
f0
21fs

2

U
1 if0n1fse•sD .

~Note that the left-hand side here is independent ofe.! We
thus have, for each spacetime pointx, four HS fieldsf0 and
f5fse5(f1 ,f2 ,f3) corresponding to density~charge! n
and spins. SinceS4 is invariant undere(x)→2e(x) we use
*Rdfs*4pd

2e52*R3d
3f/f2 and write the interactions as

e2S45E Dfe2~1/U !~f,f!2~ c̄ ,fc!,

where~up to an irrelevant constant factor which we drop!

E Df5)
x
E
R
df0~x!E

R3

d3f~x!

f~x!2
. ~10!

Here and in the following we use a convenient matrix no
tion (f,f)5(x,afa(x)

2 (a50,1,2,3), and

f~x!5 is0f0~x!1s•f~x!. ~11!

With that the electron can be integrated out and the parti
function becomes a path integral over the HS fields,

Z5E Dfe2F~f!. ~12!

The HS action is equal to
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9444 55EDWIN LANGMANN AND MATS WALLIN
F~f!5
1

U
~f,f!2Tr ln~G0

212f!. ~13!

The trace Tr formally is defined for operato
A5@Ass8(x,y)# ~acting on electron one-particle states! as
TrA[(x,sAss(x,x).

We note that all details of the form of this path integr
are essential for the approximations introduced in the n
section to work. For example, the presence of the varia
e(x) allows to describe, in a natural way, the effect
changes in the direction of the AF order parameter.

The free energy density~or rather thermodynamic poten
tial! is defined as

V~b,m!52 lim
L→`

1

Ldb
ln~Z!, ~14!

and the electron density fixes the chemical potential via
equation

x52
]V

]m
. ~15!

We find it convenient to make particle-hole symmetry ma
fest in our formalism, and not use the electron densityn
~average particle number per site! but the doping paramete
x5n21. Thus21<x<1, and x50 corresponds to half fill-
ing. Then interchanging particles and holes simply amou
to changingm→2m, x→2x. Technically this is achieved
by defining

1

b(
vn

~reg! 1

ivn2E
52

1

2
tanhS bE

2 D[ f b~E!. ~16!

Here ‘‘reg’’ indicates that this sum is only conditionally con
vergent and thus a certain summation prescription is use
this is what is defined by this formula. This definitio
amounts to choosing a particle-hole symmetric summa
prescription for the conditionally converging Matsubara s
defining the Fermi distribution functionf b(E) @i.e., the stan-
dard Fermi distribution function (ebE11)21 is shifted by a
constant so that it becomes odd under exchangeE→2E#.
We stress that this choice is just a matter of convenience
course, one could use the standard Fermi distribution fu
tion throughout at the cost of having more complicated f
mulas for the particle-hole transformation. We will also ne
the following Matsubara sum

1

b(
vn

~reg!
ln~ ivn2E!5

1

b
ln2coshS bE

2 D[Lnb~E! ~17!

formally obtained by integrating Eq.~16! @here the regular-
ization ‘‘reg’’ also requires to drop an infinite bu
E-independent term; in the standard conventions the rig
hand side here would be ln(11e2bE)/b#.

We finally give an exact formula for the two-point Gree
functionG5@Gss8(x,y)# of the Hubbard model,

G5
1

ZE Dfe2F~f!G0~f!, ~18a!

where
l
xt
le

e

-

ts

—

n

of
c-
-
d

t-

G0~f!5@G0
212f#21 ~18b!

is the Green function of noninteracting fermions in an ext
nal field f. ~This formula is easily obtained from standa
expressions for fermion Green functions in the path integ
formalism.14! Similar formulas holds for all other Gree
functions.

III. RESTRICTED PATH INTEGRAL METHOD

In this section we present the restricted path integ
method and derive our generalized mean-field equation~3!.
We first sum over the Ne´el states since this immediatel
leads to Eq.~3!. To clarify the meaning of this equation, w
then show that it is also obtained if one sums certain clas
of states with local AF order but no long-range correlatio
We finally outline how to systematically refine our approx
mation.

A. Summing over Néel states

For a boson configuration Eq.~2! describing AF long-
range order, the HS action~13! can be evaluated exactl
using Fourier transformation. We obtainF5bLdf 0 ~i.e., the
action is proportional to the spacetime volume!. In the ther-
modynamic limit,

f 0~r ,s!5
r 21s2

U
2E d̄k@Lnb~E1!1Lnb~E2!# ~19!

with the function Lnb(E) defined in Eq.~17!, and

E d̄k[E
2p<ki<p

ddk

~2p!d
~20!

means integration over the Brillouin zone. Moreover,

E65 ir2m6Ae~k!21s2 ~21!

are the AF bands as usual. Note thatf 0 does not depend on
the directione of the AF order, as expected. A formal der
vation of this result from Eq.~13! can be found in Appendix
A. It has a simple physical interpretation:2* d̄kLnb(E6) is
the free energy density of non-interacting fermions with d
persion relationsE6(k).

From this we get the doping of the fermions in the Ne´el
background~2! as x(r ,s)52] f 0(r ,s)/]m, i.e.,

x~r ,s!5E d̄k@ f b~E1!1 f b~E2!#, ~22!

where with f b(E) Eq. ~16! is our fermion distribution func-
tion.

We now approximate the path integral~12! by summing
only over the Ne´el states Eq.~2!. Since the integrand then
depends only onr ands, the path integration*Df Eq. ~10!
reduces to*0

`ds*2`
` dr ~up to an irrelevant constant; we in

troduced spherical coordinates,*R3d
3f/f25*0

`ds*4pd
2e).

Thus we obtain

Z5E
2`

`

drE
0

`

dse2Vf0~r ,s!, ~23!
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whereV5bLd. Using the definitionZ5exp(2VV) we get
Eq. ~3!. With that, the particle number constraint~15! be-
comes

x5
1

ZE2`

`

drE
0

`

dse2Vf0~r ,s!x~r ,s! ~24!

with x(r ,s) defined in Eq.~22!. We are interested in the
thermodynamic limitV→`, thus the saddle point evaluatio
of the integrals in Eqs.~23! and~24! is exact. When there is
only one relevant saddle point, we recover Hartree-F
theory restricted to the Ne´el states.

B. Summing over states with local AF order

We now show that Eq.~23! is also obtained if sum ove
configurations with only local AF order, i.e., configuratio
of the form~1! wherer (x), s(x), ande(x) do not vary much
in spacetime. In the following we restrict ourselves to co
figurationsf such thatF(f)5F0(f)1F1(f) with F0 Eq.
~4! andF1 negligible, i.e., limL→`F1 /bLd50; in this case
we writeF.F0. We do not attempt to further specify wha
these configurations are. The only point important for us
that there are such configurations without long-range ord

Using Eq.~1!, the path integration*Df Eq. ~10! becomes

)
x
E

2`

`

dr~x!E
0

`

ds~x!E
4p
d2e~x!.

We see that if we sum over configurationsf for which
F.F0 @Eq. ~4!#, the integration over thee(x) is irrelevant
„it contributes only a constant factor toZ @Eq. ~12!#, which
can be dropped….

We first sum over all such configurations withr (x)5r
and s(x)5s independent ofx but e(x) changing~i.e., the
magnitude of the AF order parameter is constant but no
direction!. For all these configurations we again obta
F.bLdf 0(r ,s), thus summing over these configurations w
obtain Eq.~23! as before.

We now sum over even larger classes of configurati
allowing also for spacetime-dependentr (x) ands(x), which
have sufficiently large spatial and temporal correlat
lengths l space and l time, respectively. One can regar
l space and l time as variation parameters: calculateZ @Eq.
~12!# by summing over a class of configurations charac
ized by these two parameters and determine them so a
minimize the free energyV. In this case we also obtain, to
good approximation, Eq. ~23! but now with
V'(l space)

dl time the correlation volume~note that these
correlations only refer to the magnitude of the AF order b
not to its direction!. To illustrate that the precise structure
the boson configurations summed over does not affect
final result, we consider two different classes of configu
tions. The first class contains configurationsf(x) so that
most pointsx belong to a sufficiently large region so th
f(x) restricted to this region equals a Ne´el configuration,
Eq. ~2!. For configurations in the second class, the Fou
modes ofr (x), s(x), ande(x) have support sufficiently clos
to k50 but otherwise are arbitrary.

A configuration in the first class can be characterized
follows: setx5X1j wherej is a coordinate in a block@i.e.,
s(X1j), r (X1j) are ~approximately! independent ofj#,
k

-

s
r.

ts

s

r-
to

t

e
-

r

s

and X labels different blocks. For these configuratio
F(f).(xf 0„r (X),s(X)…, which equals (XVXf 0„r (X),
s(X)…, and this defines the correlation volumesVX . The cor-
rectionF1 to this should be proportional to the number
points that belong to the boundaries of different bloc
~whatever their form is!; thus it can be made negligibly sma
by choosing VX sufficiently big. We now sum
over these configurations. Since*Df5)X@)j*df0(X
1j)d3f(X1j)/f(X1j)2], the path integral in Eq.~12! re-
stricted to these configurations gives

Z5)
X

E df0~X!E d3f~X!

f~X!2
e2VXf0„r ~X!,s~X!…,

which we can write as Z5)Xexp(2VXVX), where
VX5V(VX) is defined by Eq.~23! with V replaced byVX .
We thus getV5(XVXVX /(XVX . If we assume the configu
rations summed over such thatVX5V is independent ofX,
we immediately obtain Eq.~23!. More generally, we also
obtain Eq.~23! if VX is allowed to depend onX; V in this
case is to be interpreted as an average correlation volum

We now turn to configurations in the second class. L
s(k) andr (k) be the Fourier transforms ofs(x) andr (x) in
Eq. ~1!. We consider boson configurations where these
different from zero only for ‘‘small’’ k, i.e., uvnu,1/l time
and uku,1/l space. For these we can use the approximati
F(f).(k8Vf0„r (k),s(k)… ~which defines V) where the
prime indicates summation~or integration! over ‘‘small’’
momenta only. If we restrict the path integratio
in Eq. ~12! to these configurations,*Df becomes
)k8*df0(k)d

3f(k)/f(k)2, and we again obtain Eq.~23!.

C. Refinements: An outline

As discussed, Eq.~3! is one simple approximation o
many possible approximations of the partition functionZ by
finite-dimensional integrals. The simplest way to obtain E
~3! is by summing over the Ne´el states, Eq.~2!. The strategy
for refining this approximation is by the following natura
generalization: make an ansatz for a set of boson config
tions @Eq. ~1!# parametrized byN real parametersa i so that
with one such configuration all others related to it by sy
metry transformations are also in this set. If all these c
figurations are periodic~the period can be large!, the HS
action configuration will be proportional to the total spac
time volumebLd, and it depends on thea i . Restricting the
path integral in Eq.~12! to these configurations we get a
approximation ofZ by a finite-dimensional integral over th
a i , and the saddle point evaluation for this integral is exa

The nontrivial task is to find a useful ansatz for the bos
configurations. We suggest using numeric studies of
theory6,7,10as a guide. One other criterion for a ‘‘good’’ an
satz is, of course, that one can easily~the best would be
analytically! evaluate the HS action for the configuratio
considered.

IV. NUMERIC RESULTS

In this section we present numeric results for the solut
of our mean-field theory, Eq.~3!. We discuss in detail the
calculation for the two-dimensional Hubbard model (d52)
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9446 55EDWIN LANGMANN AND MATS WALLIN
and the parametersU/t510 motivated by HTSC.3 To dem-
onstrate that the phase diagram in this approximation
qualitatively always the same, we also present results
three dimensions (d53 andU/t510) and weaker coupling
(U/t52, d52).

Standard integration routines were used to numeric
evaluate thek integrals defining the functions in Eqs.~19!
and~22!, solve Eq.~26! below, etc. In all our calculations w
ensured that numeric errors are negligible.

A. Saddle point evaluation

We now describe in detail how to evaluate the integra
Eq. ~3! in the limit L→` under the constraint Eq.~24!. We
first perform ther integral (m dependence suppressed!:

e2Vf* ~s!.E
2`

`

dre2Vf0~r ,s! ~V→`!, ~25!

where V5bLd and A.B here means tha
limV→`@ ln(A)2ln(B)#/V50. The saddle point equation fo
this integral is] f 0 /]r50, i.e.,

r52
i

2
Ux~r ,s! ~26!

@we used Eq.~22!#. This equation has a unique purely imag
nary solutionr5r * (s), and one can show that this sadd
point dominates the integral in Eq.~25!, and a standard
saddle point evaluation gives

f * ~s!5 f 0„r * ~s!,s…. ~27!

The complete justification of this result is somewhat tech
cal and deferred to Appendix B1.

With that we get from Eq.~23!,

Z5e2VV.E
0

`

dse2Vf* ~s! ~V→`!. ~28!

Note that r * (s) enters here only in the combinatio
m̃5m2 ir * (s)5m2Ux„r * (s),s…/2. Physically this can be
naturally interpreted as renormalization of the chemical
tential by the Coulomb energy. Sincef * (s) is real valued,
this integral is determined by the absolute minimu
~minima! of this function. Plotting the functionf * (s) for
different values of the chemical potentialsm is thus a simple
way to understand why degenerate saddle points occur.

Figure 1~a! shows such a plot at a fixed temperature clo
to zero.15 We see that form50 up to some critical value
m5mc , the absolute minimum off * (s) is at a finite value
s5s* , which thus dominates the integral in Eq.~28!,
V5 f * (s* ). For m.mc the minimum ats50 takes over,
andV5 f * (0). Werefer tos5s* ands50 as the nontrivial
and trivial minima~or saddle points!, respectively. We see
from Fig. 1~a! that the nontrivial minimum is always at th
same value s5s* ~independent ofm,mc), and also
f * (s* ) does not change withm. Thus x52] f * (s* )/]m is
always 0, and the nontrivial minimum can only account
half filling. The physical interpretation of this is that fo
s5s*.0, we have AF bands with a gap, and as long asm is
in this gap it cannot affect the doping. Form.mc ,
we see that x52] f * (0)/]m is always larger than
is
or

ly

i-

-

e

r

x252] f * (0)/]mum5mc
~which is larger than 0.5 here; not

that x is monotonically increasing withm). Thus the only
doping that can be obtained with the nontrivial minimu
s5s* is x50, and for the trivial minimums50 only dop-
ings x.x2 are possible. A finite doping regime x1,x,x2 is
left out by this (x150 here but will be nonzero for highe
temperatures; see below!. The only way to get doping in thi
regime is to havem so close tomc that both saddle points
can contribute to the integral Eq.~28!. Indeed, for
m5mc1dm we have f * (s* )2 f * (0)52(x12x2)dm1
O(dm2) @x1,252] f * (s)/]mum5mc

at s5s* and 0,
respectively#, which suggests that we can adju
dm5O(1/V) such that the saddle pointss5s* and s50
contribute with relative weightw and (12w) to the partition
function Eq.~28! and dopings x between x1 and x2 are pos-
sible,

x5wx11~12w!x2 . ~29!

~We give a more careful argument in Appendix B2.! This
equation fixesw by doping, and one can now forget abo
dm, which, forV→`, becomes zero.

Standard mean-field theory corresponds to evaluating
integral~23! by insisting on having only one relevant sadd
point. ThenV5 f 0(r ,s), where r and s solve the saddle
point equations] f 0 /]r5] f 0 /]s50, i.e., Eqs.~26! and

s52sUE d̄kF f b~E1!2 f b~E2!

E12E2
G . ~30!

The doping constraint Eq.~15! becomes

x5x~r ,s!, ~31!

which makes Eq.~26! trivial, r52 iUx/2, and one needs to
consider only Eqs.~30! and ~31!: for fixed s, Eq. ~31! fixes
the renormalized chemical potentialm̃5m2 ir5m2Ux/2,
and Eq.~30! determines the possibles values. In general one
gets more solutions. However, from our discussion abov
is clear that in the doping regime x1,x,x2 none of these
solutions is appropriate: the trivial solutions50 is not an
absolute minimum off * (s), and the nontrivial solutions
Þ0 corresponds to the maximum off * (s). We conclude that
the correct mean-field theory corresponds to a saddle po
evaluation of the integral~3! under the constraint~15! as
described above: one can have two relevant saddle point
equal importance.

Up to now our discussion has been restricted to low te
peratures. At higher temperatures the situation is simi
only that the mixed phase occurs in a doping reg
x1,x,x2, where x1.0, and for dopings 0<x<x1 one can
have the nontrivial saddle point alone. This can be ea
understood from the plot off * (s) for different chemical po-
tentialsm in Fig. 1~b!: The nontrivial minimumf * (s* ) is
completely independent ofm again, except in a tinym region
close to the criticalmc where the two minima become de
generate@inset of Fig. 1~b!#. The explanation for this is
simple: as long asm is in the AF gap, it has no effect on th
doping, only when it comes close to the band edge the d
ing starts to depend onm due to thermal effects~i.e., since
Fermi distribution function no longer is a step function!. In-
creasingm further, the nontrivial minimum starts to mov
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but soon the trivial minimum takes over. The valu
x152] f * (s* )/]mum5mc

is the upper limit for the doping
which can be obtained by the nontrivial minimum witho
superposing the trivial one.

The phase boundary x1 of the pure AF phase increase
with temperature and approaches the boundary x2 of the free
phase, which is quite temperature independent@see Fig.
2~a!#. At some temperatureT5T!, x15x2, and the mixed
phase disappears. For temperaturesT.T!, there is a direct
second-order phase transition at the critical filling x2 from
the AF to the free phase with no mixed phase between.
ure 1~c! shows a typical plot off * (s)2 f * (0) for different
chemical potentialsm for such a high temperature case. W
restricted ourselves to the interesting region close to the c
cal m5mc defining x2. One sees that form,mc , f * (s) has
a nontrivial minimums* (m) lower than the trivial one, bu
this minimum approaches the trivial minimum with increa
ing m and merges with it atm5mc @i.e., s* (mc)50#. The
doping x2 is equal to2] f * (0)/]mum5mc

. The qualitative

difference from Figs. 1~a! and 1~b! is that there exists nom
where the two minima are degenerate.

Our discussion above suggests that the occurrence o
generate saddle points is a rather stable phenomenon
should survive corrections to mean-field theory, e.g., by fl
tuations: a nontrivial saddle point can dominate the partit
function only in a finitem regime, and whenever not a
doping values are realized in that regime degenerate sa
points occur. For the same reason we expect that degen
saddle points are typical also for other interacting latt
fermion models.

B. Phase diagrams

In Sec. IV A we explained how our generalized mea
field theory allows one to determine the different regimes
the Hubbard model. In Fig. 2~a! we have plotted the resultin
phase diagram. We see the three regions, the pure AF re
with only the nontrivial saddle point, the free region with th
trivial saddle point only, and the mixed region where bo
saddle points are relevant. The temperatureTLO is the largest
temperature where a nontrivial saddle point can contrib
and the other characteristic temperatureT! is the upper limit
for the mixed region to exist, as discussed. We note
TLO is equal to the highest temperature where the HF eq
tions restricted to Ne´el states@Eq. ~2!# at half filling have a
nontrivial solution. Usually this temperature is interpreted
the Néel temperature. However, from our derivations it
clear that we should interpret this temperature as the hig
temperature wherelocal AF correlations occur, and this is t
be expected higher than the Ne´el temperature where long
range order disappears.

Our detailed discussion above was for the Hubbard
rametersU/t510 andd52. However, the results obtaine
are representative. To illustrate this we give two further
amples for phase diagrams in Fig. 2~b! (U/t52, d53) and
Fig. 2~c! (U/t52, d52).

V. FLUCTUATIONS

In this section we discuss the effect of fluctuations. W
first outline the general scheme of how to include fluctu
g-

ti-
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tions in our formalism. As an illustration, we discuss in mo
detail the effect of fluctuations in the direction of the A
order using a simple approximation.

A. General formalism

Our derivation of mean-field theory in Sec. III sugges
that a simple method to take into account fluctuations is
follows: We consider boson configurations of the for
f5f (0)1df wheref (0) are the ‘‘little’’ varying ones lead-
ing to ~generalized! mean-field theory, anddf correspond to
‘‘fast’’ fluctuations. We assume the latter are such that
can expand

F~f~0!1df!2F~f~0!!.(
x,a

Ba~x!dfa~x!

1 (
x,y,a,b

Cab~x,y!dfa~x!dfb~y!

~32a!

and neglect theO(df3) terms. The coefficients here are

Ba~x!5
dF~f!

dfa~x!
U

f5f~0!

,

Cab~x,y!5
1

2

d2F~f!

dfa~x!dfb~y!
U

f5f~0!

, ~32b!

and depend only onf (0). We thus get a simple framewor
for taking into account AF and charge fluctuationsdf(x)
and df0(x) around mean-field theory: integrating over th
fluctuationsdfa(x) gives a correction termdF(f (0)) to
F(f (0)), which describes the effect of fluctuations. Summi
then over thef (0) leads to a finite-dimensional integral a
before. Symbolically we can summarize this procedure
follows:

e2dF~f~0!!5E
df~x!

e2F~f~0!1df!1F~f~0!!,

Z5E
f~0!~x!

e2F~f~0!!2dF~f~0!!. ~32c!

There is one important point to keep in mind: one can in
grate only over fluctuationsdf, where the second term in
Eq. ~32a! is positive definite, and this is an important restri
tion on which fluctuations can be taken into account in t
way.16 Selecting appropriate ‘‘fast’’ fluctuations therefore
quite delicate. Also the summation over these fluctuatio
will be, in practice, a nontrivial task and require further a
proximations.

B. Example

As an illustration we consider fluctuationsde(x) around
statesf (0) defined in Eq.~1! with r (x)5r , s(x)5s indepen-
dent ofx ande(x)5e(0)(x) varying ‘‘not much.’’ Then Eq.
~32a! gives
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9448 55EDWIN LANGMANN AND MATS WALLIN
F~f!2F~f~0!!5bLd
] f 0~r ,s!

]s
se~0!~x!•de~x!1O~df2!,

~33!

where we restrict ourselves to the lowest-order correc
term for simplicity. In a simple approximation, integratin
out such fluctuations amounts to replacinge(0)(x)•de(x) by
its average, which should be anx-independent constant. Not
that this constant depends onr , s, b, m, and on the class o
fluctuations considered. In any case, sin
@e(0)(x)1de(x)#25e(0)(x)251, this constant is equal to th
average of 2de(x)2/2 and is thus negative. We ge
dF5bLdf 1 with

f 1~r ,s!5bLd
] f 0~r ,s!

]s
sa, a52

1

2
^de~x!2& ~34!

@the averaginĝ & of course defined through

e2dF5E e2F~f!1F~f~0!!,

where * here symbolizes integration~summation! over all
configurationse(0)(x) and de(x) taken into account#. This
then leads to Eq.~3! with f 0 replaced byf 01 f 1.

To evaluatea is difficult. However, one can easily est
mate the effect of these fluctuations by takinga as a fixed
constant. Then one can determine the phase diagram
function of a similarly to that described in Sec. IV. We d
not present numeric results here and only note that, e
thougha has quite aquantitativeeffect on the phase dia
gram, thequalitative features of phase diagram are ve
stable.

VI. CONCLUSIONS

In this paper we presented a method for finding appro
mations for interacting fermions models. These approxim
tions allow one to determine not only phase diagrams
also Green functions~i.e., observables! of the systems. Our
discussion was for antiferromagnetic correlations and
Hubbard model but is straightforward to extend to oth
models. In simple cases our approximations correspon
generalized mean-field theory, which allows the possibi
of degenerate saddle points. The occurrence of degen
saddle points can be easily detected in our formulation
reveals a frustration usually referred to as phase separa
However, our interpretation of this phenomenon is somew
more general: our approach allows one to clarify the me
ing of the mean-field approximation and shows that deg
erate saddle points only mean that no homogeneous m
field solution exists. A more detailed description of t
systems is then necessary, and this requires a refined
proximation taking into account inhomogeneous states.

Our approach formalizes the simple and intuitive interp
tation of mean-field theory as an approximation to the ex
partition function by restricting the summation over the hu
set of states to a~small! subset, which, on physical ground
are expected to represent the ‘‘most important states.’’ T
makes manifest that mean-field theory is not necessari
weak-coupling approximation, and it also makes manif
that the simplest ansatz of translation invariant Hartree-F
solutions not only describes long-range ordered states
n
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also states with only local correlation. Thus a nontrivial s
lution of HF equations restricted to long-range ordered sta
should not be interpreted as long-range order but only as
existence oflocal correlations. Moreover, our approach giv
a systematic way to find increasingly refined~and increas-
ingly complicated! mean-field theories, which give a homo
geneous description of the system even if the HF soluti
are not translation invariant. Our approach also allows on
include fluctuations in a natural way~the latter is only out-
lined in this paper!.

Many successful theories in solid state physics are ba
on simple mean-field theory, i.e., HF equations and an an
allowing only for homogeneous solutions. If this latter ans
is not appropriate, the system will be much more comp
cated and it will not resemble a free fermion system. This
the case for the Hubbard model and probably most correla
fermion models. This is one reason~and we believe the main
reason! why our understanding of these systems is still rat
poor. However, in such a situation a generalized mean-fi
theory as proposed in this paper is still possible, and
believe that this could be the starting point for a succes
theory of correlated fermions systems.
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APPENDIX A: FREE ENERGY IN NÉ EL STATE

In this appendix we evaluate the HS action Eq.~13! for
the Néel configuration Eq.~2! and thus prove Eq.~19!. The
nontrivial step obviously is to evaluate Trln(G02f) for
f5 ir s01se•seiQ•x. We recall that our spaceLL is a cube
with points x5(x1 , . . . ,xd), xi integers with
2L/2<xi,L/2. We find it convenient to write points in
LL as 2x1n where xPLL/2 and n5(n1 , . . . ,nd) with
nj50,1. Then the Green functionG5(G0

212f)21 is repre-
sented by a translation invariant 2d1132d11 matrix,

~G!ss8m1n1•••mdnd
~t2t8,2x22y!

5Gss8~t,2x1m,t8,2y1n!, ~A1!

and therefore,

Tr lnG215E
0

b

dt (
xPLL/2

tr~ lnG21!~t2t,2x22x!

5 (
kPLp/2*

(
vn

~reg!
tr lnG21~ ivn ,k!, ~A2!

where tr is the trace over the 2d1132d11-matrix indices,
Lp/2* is the set of allk5(k1 , . . . ,kd) with ki52pn i /L with
n i integer and such that2p/2<ki,p/2; the Fourier trans-
form is defined asG(k)5(xPLL/2

e2 ik•2xG(2x). To evaluate
Eq. ~A2!, we first note that the matrix notation we use he
comes from representing fermion field operators as

csn1•••nd
~t,2x!5cs~t,2x1n!.
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From this we see thatf5 ir s01se•seiQ•x is represented by

~we use an obvious tensor notation!. We also need the hop
ping operators (Tjc)s(x)52t@cs(x1ej )1cs(x2ej )#
where ej is the lattice unit vector in thej direction @i.e.,
e15(1,0, . . . ,0), etc.#. It is easy to see that these are rep
sented by

~A3!

with

T~kj !522t cos~kj !S 0 eik j

e2 ik j 0 D ~A4!

@k5(k1 , . . . ,kd)#. Thus

G21~k!5~ ivn1m2 ir !12M , ~A5a!

where15s0^ •••^ s0 is the 2d1132d11 unit matrix and

M5se•s^ s3^ •••^ s31(
j51

d

Tj . ~A5b!

We now evaluateM2 and obtain

M25S s21(
j

e j
2D11(

i, j
2TiTj ,

wheree j522tcos(kj) @we useds3T(kj )1T(kj )s350#. It is
easy to diagonalizeM2: let Uj be the 232-matrix diagonal-
izing Tj , Uj

21TjU j5e js3, thenU5s0^U1^ •••^Ud di-
agonalizesM2,

~U21M2U !ss8m1n2 . . .mdnd

5dss8dm1n1
•••dmdndS s21(

j
e j
2

12(
i, j

e ie j~2 !ni1nj D . ~A6!

Sincee j (2)nj522tcos(kj1njp) for nj50,1 we see that the
eigenvalues ofM2 are s21e(k1np)2 where e(k) is the
Hubbard band relation Eq.~7!. Moreover, for e8 a unit
vector orthogonal to e, the self-adjoint matrix
C5e8•s^ s3•••^ s3 obeysC251 and CMC52M . We
conclude that the eigenvalues ofM are6As21e(k1np)2,
thus the eigenvalues of lnG21(k) are ln@ivn2E6(k1np)#,
E65E6(k) given in Eq.~21!. With Eqs.~A2! and ~16! we
therefore obtain
-

TrlnG215 (
kPLp/2*

(
n

(
s51,2

bLnb@Es~k1np!#

5 (
kPLp*

(
s51,2

bLnb@Es~k!#, ~A7!

where

Lp*5$k5~k1 , . . . ,kd!u2p<ki,p,Lki /2pPZ%
~A8a!

is the Brillouin zone of the full latticeLL . Thus
f 0
L5F/bLd, F @Eq. ~13!#, is

f 0
L5

r 21s2

U
2

1

Ld (
kPLp*

@Lnb~E1!1Lnb~E2!#. ~A8b!

Since (1/Ld)(kPL
p*
in the limit L→` becomes* d̄k, we

obtain f 0
`5 f 0 @Eq. ~19!#. This concludes our proof.

APPENDIX B: SADDLE POINT EVALUATIONS

In this appendix we justify in detail the saddle poi
evaluation of our integral, Eq.~23!. We first prove Eq.~25!,
and then evaluatem(V) for x1,x,x2.

1. The r integral

For finiteL, the HS action Eq.~13! for the Néel configu-
rations Eq.~2! equalsF5bLdf 0

L with f 0
L given in Eq.~A8b!.

We consider

IL~C,V!5E
C
dre2Vf0

L
~r ,s!, ~B1!

with C some integration path in the complexr plane. We are
interested in this integral forV→` and the integration path
along the realr line,

Creal:r real~t!5t, 2`<t<`. ~B2!

For the saddle point evaluation of this integral below w
need to show that one can deformCreal to a path of steepes
descentCstd through the dominating saddle point off 0. This
is nontrivial since Lnb(z) has branch points in
z5 i (2n11)pb, n integer. However, ebLnb(z)5

2cosh(bz/2), thus we see from Eq.~A8b! thate2bLdf0
L(r ,s) is

analytic for all rÞ`, andIL(Creal,bLd)5IL(Cstd,bLd) fol-
lows from Cauchy’s theorem. Moreover, sinc
f 0
L5 f 0

`1O(1/L), we getI`(C,V)5IL(C,V)eO(V/L). We thus
conclude that

I`~Creal,bLd!5I`~Cstd,bLd!eO~bLd21!. ~B3!

In the following we considerI`(Cstd,V!. Introducing the
DOS N(E)5* d̄k@d(E2w)1d(E1w)# with
w5As21e(k)2 we write f 0

`5 f 0 as

f 0~r !5
s21r 2

U
2E dEN~E!Lnb~E1 ir2m!. ~B4!
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The saddle point equation] f 0 /]r50 has a single purely
imaginary solutionr *5 iy* , y* real, where

y*52
U

2 E dEN~E! f b~E2y*2m!. ~B5!

To determine the pathCstd we evaluate

f 0~r *1j!5 f 0~r * !1aj22 ibj31O~j4!, ~B6a!

where

a5
1

U
1E dEN~E!

b

8 cosh2@b~E2y*2m!/2#
,

b5E dEN~E!
b2tanh@b~E2y*2m!/2#

12cosh2@b~E2y*2m!/2#
. ~B6b!

From this we can determine the path of steepest des
r * (t)5t1 iy* (t) obeying Imf 0@r * (t)#50,

y* ~t!5y*1
b

2a
t21O~t4!. ~B7!

Note thaty* (t)5y* (2t). We now choose

Cstd:r std~t!5H t1 iy* ~t! for utu<«

t1 iy* ~«! for utu>«
~B8!

for some«.0. We obviously have@r *5r * (0)#

f 0„r * ~t!…5 f 0~r * !1at21O~t4! for utu<«.

Moreover, by a simple calculation

Re@ f 0~x1 iy !2 f 0~ iy !#

5
x2

U
2E dEN~E!

1

2b
lnS 12

sinh2~bx/2!

cosh2@b~E2y2m!/2# D
>
x2

U
,

thusa.1/U gives the estimate~for « sufficiently small!

Re@ f 0„r std~t!…2 f 0~r * !#>
U

2
t2 ;t. ~B9!

Thus I`(Cstd,V)5e2Vf0(r* )(•••) with u(•••)u<
*2`

` dte2VUt2/2. Combining this with Eq.~B3! gives
nt

2 lim
V→`

1

V
ln@I`~Creal,V!#5 f 0~r * !, ~B10!

equivalent to Eq.~25!.

2. Degenerate saddle points

For large but finiteV andm close tomc the integral Eq.
~23! equals

Z.e2VV11e2VV2 ~B11!

up to correction terms that are irrelevant forV→` and thus
will be ignored. The first and second terms here are the c
tributions from the first and second saddle pointss1*50 and
s2*5s* , respectively,

V i~m!5 f 0* ~si* ,m!1cV~si* ,m!. ~B12!

The contributions

cV~si* ,m!.
1

V
ln@Ai~m!V# ~Ai.0!

come from Gaussian integrations in the regions close to
saddle points. The precise form of thecV actually is not
important for us and we will only use that they vanish f
V→`. UsingZ5e2VV and x52]V/]m we get

x.
e2VV1x11e2VV2x2
e2VV11e2VV2

, ~B13!

where xi52]V i /]m. This is precisely of the form Eq.~29!
if we choose

w/~12w!5~x22x!/~x2x1!.exp@2V~V12V2!#.

For m5mc1dm we have

V12V2.2~x12x2!dm1@cV~s1* ,mc!2cV~s2* ,mc!#

by definition ofmc , thus we get

Vdm.2
1

~x22x1!
lnS x22x

x2x1
D ~B14!

up to terms that vanish forV→`. This shows that
dm5O(1/V) can be adjusted so as to produce arbitrary d
ing x between x1 and x2, as claimed in the text.
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