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Monte Carlo simulation of a two-dimensional continuum Coulomb gas
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We study the classical two-dimensional~2D! Coulomb-gas model for thermal vortex fluctuations in thin
superconducting/superfluid films by Monte Carlo simulation of a grand-canonical vortex ensemble defined on
a continuum. The Kosterlitz-Thouless transition is well understood at low vortex density, but at high vortex
density the nature of the phase diagram and of the vortex phase transition is less clear. From our Monte Carlo
data we construct phase diagrams for the 2D Coulomb gas without any restrictions on the vortex density. For
negative vortex chemical potential~positive vortex core energy! we always find a Kosterlitz-Thouless transi-
tion. Only if the Coulomb interaction is supplemented with a short-distance repulsion is a first-order transition
line found, above some positive value of the vortex chemical potential.@S0163-1829~97!05801-3#
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I. INTRODUCTION

Physical systems which are effectively two dimension
and whose important thermal excitations are vortices,
undergo a Kosterlitz-Thouless~KT! transition.1 A prototype
model for such systems is the two-dimensional Coulomb
~2D CG!, and it is well known to have two distinct phases.
the low-temperature phase vortices are present only in tig
bound vortex-antivortex pairs~vortex insulator!. In the high-
temperature phase, above the KT transition temperature,
vortices are present~vortex metal!. Examples of such physi
cal systems are thin-film superconductors, two-dimensio
superfluids, Josephson-junction arrays, two-dimensio
melting, double-layer quantum Hall systems, etc.2–6 The KT
transition has been studied theoretically in detail, but f
rigorous results have been established and some impo
uncertainties remain. Notably, how good are t
renormalization-group treatments, that are typically justifi
at low vortex density, in the high-temperature phase,
what is the nature of the phase transition in the dense lim
When and how do first-order transitions appear? In this pa
we address these issues by a grand-canonical Monte C
simulation of a two-dimensional Coulomb-gas model defin
on a continuum.

Considerable theoretical understanding of the KT tran
tion has been gained from various analytic approaches.
most direct analytic way to obtain the KT transition and
approximate phase diagram for the 2D Coulomb gas is p
vided by Kosterlitz real-space renormalization-group~RG!
equations.7 The equations are justified at small vortex de
sity, and give a phase diagram containing two phases:
superfluid phase and the vortex metal phase where supe
idity is destroyed, separated by the KT transition line. K
sterlitz equations can be viewed as the lowest-order eq
tions in an expansion in the vortex fugacityz, which controls
the vortex density~small fugacity means small density!.
Next-order RG equations have been suggested by var
authors, e.g., Amit, Goldschmidt, and Grinstein,8 and re-
cently by Timm.9 All these equations coincide with Koste
litz equations at low vortex density, where the higher-ord
terms are small, and give qualitatively similar phase d
grams, with a KT transition extending to high vortex densi
550163-1829/97/55~1!/522~9!/$10.00
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However, it is possible that qualitatively new physics a
pear when the corrections become large, and the small-z ex-
pansion is no longer justified. Minnhagen and co-work
constructed generalized RG equations.10,11 These equations
come from a cumulant expansion, and are of infinite orde
z ~they resum an infinite subset of terms!. These equations
are justified both in the limits of high and low fugacity, an
in between, at finite fugacity, one may hence expect them
be better than Kosterlitz-type equations that are only justifi
at lowz. From these equations, Minnhagen and Wallin fou
a qualitatively new phase diagram. Here the KT transit
line ends at a finite temperature and fugacity, (T* ,z* )
'(0.144,0.054), and below this temperature a first-or
transition line replaces the KT line.11,12Several other paper
have also discussed first-order transitions.13–15 These ex-
amples illustrate that the phase diagrams for the 2D CG fr
analytic treatments often come out quite differently at fin
vortex density~see Fig. 2 below!. Some methods, but not al
give first-order transitions.

Additional information about the phase diagram of the 2
CG model, besides the somewhat unsettled picture from a
lytic calculations, can be obtained from computer simu
tions. Calculations of the phase diagram of the 2D CG
Monte Carlo simulation have been done by various auth
Lee and Teitel16 performed simulations of the 2D Coulom
gas defined on square and triangular lattices. These sim
tions give a rich phase diagram, containing the expected
transition at low vortex density~in agreement with RG theo
ries!, a first-order transition at high vortex density, and mo
The first-order transition is from the low-temperature vort
dipole phase into a dense vortex-antivortex crystal ab
some critical vortex chemical potential, with one vortex
each lattice site, and thus having the same lattice structur
the underlying discretization lattice. These crystal pha
have two distinct kinds of order: a superfluid order char
terized by a finite macroscopic superfluid density, and a cr
talline positional long-range order~LRO! with a staggered
Ising-type order parameter for the vorticities. These t
types of order both survive at finite temperature in the latt
systems, and they give two distinct transitions as the te
perature is increased. Caillol and Levesque performed si
lations of a CG defined on the surface of a sphere, with
522 © 1997 The American Physical Society
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55 523MONTE CARLO SIMULATION OF A TWO-DIMENSIONAL . . .
any discretization of space.17 They found indications of first-
order transitions at finite vortex density, but they did n
present a finite-size scaling analysis, which is desirable
order to extrapolate the data to the thermodynamic lim
Similar findings with later and more accurate methods h
been reported recently.18

Taken together, analytic results and previous simulati
sometimes give support for first-order transitions, in addit
to the usual KT transition, and sometimes not. This mo
vates further work both analytically and also by further sim
lations. In this paper we present simulations of the 2D C
lomb gas in a grand-canonical ensemble with vor
positions defined on a continuum, without using any und
lying discretization lattice. The lattice models have importa
physical realizations, for example, in networks of Josephs
junction arrays or granular superconductors, but for homo
neous two-dimensional superfluids and superconductors
tinuum models are appropriate. Furthermore, continu
simulations are more similar to RG approaches that use
tinuum models. When are any differences between a lat
model and a continuum model expected? Lattice simulati
will correctly give universal critical properties, and are re
sonable when the important length scales are much la
than the lattice constant, i.e., at low densities. Critical p
nomena with a diverging correlation length should thus
well captured by such lattice simulations. However, to inv
tigate general properties of a system defined on a continu
such as the form of the phase diagram, and in particular w
happens when the vortex gas becomes dense, one shou
a limit of a small lattice constant, or perform simulatio
directly in a continuum. In a continuum system, without
underlying discretization lattice, we expect the position
LRO of the vortex-antivortex crystal states found in latti
simulations at high chemical potential to disappear at
nonzero temperature. However, the more relevant questio
what happens to the superfluid density: does it stay finit
any nonzero temperature when the lattice is removed?

We now summarize our results: Using finite-size scal
of our Monte Carlo data, we construct phase diagrams of
continuum 2D CG. We compare these with phase diagra
obtained from several different RG treatments. As expec
they all agree, and coincide at small vortex density, wh
the RG equations become exact. For negative vortex che
cal potential~positive vortex core energy! we always find a
KT transition. We find a first-order transition line, abov
some positive value of the chemical potential, in the c
when the Coulomb interaction is supplemented with a ha
core repulsion, but for soft-core vortices~without any short
range repulsion! we do not find any first-order transitions. I
our continuum simulation, we do not obtain vorte
antivortex crystal phases, as in the lattice simulations of
and Teitel, with positional LRO or a finite superfluid dens
at any of the finite temperatures where we were able to c
verge our simulation. Some of our results have been obta
independently in a somewhat similar simulation by Hol
lund and Minnhagen.19

The paper is organized as follows: In Sec. II the definiti
of the Coulomb gas is introduced, and some previous res
are discussed in some detail. Section III describes our Mo
Carlo calculation. Section IV contains our results, and S
V contains a discussion of our results and conclusions.
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II. TWO-DIMENSIONAL COULOMB-GAS MODEL

In this section we will describe the definition and som
details of the two-dimensional Coulomb-gas~2D CG! model.
This model follows in certain limits from the Ginzburg
Landau~GL! theory, namely when the only important fluc
tuations in the GL order parameter fieldC(r )
5uC(r )uexp„if(r )… are phase fluctuations, which leads
logarithmically interacting vortices and antivortices, corr
sponding to positive and negative ‘‘charges’’ in the 2D Co
lomb gas.

The 2D Coulomb-gas model is defined by the gran
canonical partition function

Z5 (
N50,2,4, . . . ,̀

1

N1!N2!
S )
j51

N E d2r j
z D e2b~H2mN!, ~1!

where N1 ,N2 is the number of positive and negativ
Coulomb-gas particles~i.e., vortices and antivortices!, and
N5N11N2 is the total number of particles. We will only
consider the neutral Coulomb gas, whereN15N2 , which
corresponds to no external magnetic field applied to the
perconductor, or no net rotation of the superfluid. The
mensionless inverse vortex temperature isb51/T
52pr0\

2/m* kBT
physical, andm52Ec is the chemical po-

tential of the CG particles,Ec being the vortex core energy
r0 is the superfluid density in the absence of vortices, a
m* is the mass of the boson responsible for superfluid
superconductivity. The phase-space divisionz is an arbitrary
constant which we will set toz51.

The Hamiltonian is

H5 1
2 E q~r !G~r2r 8!q~r 8!d2r d2r 8, ~2!

whereq(r )5( isi f (r2r i) is the vortex density,si561 is
the vorticity or CG charge of the particle atr i , andG is the
solution to Poisson’s equation,¹2G(r )522pd(r ). For a
2D infinite system this givesG(r );2 lnur u. The function
f (r ) is the charge distribution for a single particle, whic
will be discussed in more detail below. Defining

V~r !5E f ~r 8!G~r1r 82r 9! f ~r 9!d2r 8d2r 9,

the Hamiltonian can be written

H5 1
2(
i , j

siV~r i2r j !sj

5 1
2(
iÞ j

si@V~r i2r j !2V~0!#sj1
1
2V~0!S (

i
si D 2. ~3!

For an infinite system~or a finite system with periodic
boundary conditions! V(0) is actually infinite, forcing
( isi50 to make the last term vanish~i.e., the system mus
be neutral!.

The interaction has to be regularized at short distances
otherwise the logarithmic divergence atr50 will make the
system unstable. This is usually done by putting the sys
on a lattice, but here we are working on a continuum and
thus have to modify the interaction. This is done by defini
a ~normalized! ‘‘charge distribution’’ f (r ) of a vortex, here
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524 55JACK LIDMAR AND MATS WALLIN
taken as a Gaussianf (r )5(1/pr c
2)exp(2r2/r c

2), wherer c is
a measure of the vortex core radius. The physical origin o
short-distance cutoff in superfluids comes from the fact t
the current must be finite at the vortex center. The cha
distribution describes how the magnitude ofC is suppressed
to zero in the vortex core.

In addition to having a finite ‘‘charge distribution,’’ we
will sometimes treat the vortices as hard disks, thus exc
ing the possibility of overlapping vortex configurations. Th
case is convenient to simulate because it leaves no ambig
in keeping track of the numberN of vortices in the system
We will also consider the case of soft cores where vor
cores are allowed to overlap. In this case the number
vorticesN in the system is not well defined in the case
many overlapping vortex cores, and this is a serious com
cation becauseN is explicitly needed in the evaluation of th
Boltzmann factors,e2b(H2mN) in the simulation. We neglec
this difficulty, and just take the number of vortices as t
number inserted into the system, whether or not they over
To overcome this simplification one should instead consi
a Ginzburg-Landau model, but this is beyond the scope
this paper. A hard-core repulsion makes it possible to st
the model for positive chemical potentials, i.e., for negat
core energies. In particular a repulsion and a negative
energy are necessary requirements for observing vor
antivortex crystal phases. We will return in Sec. V to a co
parison between the hard and soft disk cases, and a dis
sion of possible physical realizations.

In principle the relation between the hard-core diame
and the width of the charge distributionr c is a tunable pa-
rameter, and it has quantitative effects. In particular, the
cation of the KT line in the phase diagram will depe
strongly on this choice. A natural choice for the width of t
charge distribution,r c , is that which gives an interactio
which in an infinite system behaves asymptotically
V(r )52 lnur u for large ur u. This happens for r c
5(1/A2)eg/2'0.9437, whereg is Euler’s constant. This
choice simplifies a comparison with analytic results, sin
they usually also assume a pure logarithm at large dista
Other choices ofr c lead to a constant shift inV at large
distances. We did some limited calculations for other choi
of r c to check the quantitative effects on the phase diagra
and some results for the choicer c50.1 will be given below.
The hard-core diameter is arbitrarily set to 1~or zero in the
soft core case!.

In simulations of the 2D Coulomb-gas model we are
stricted to finite system sizes, and in order to mimic t
thermodynamic limit we use periodic boundary condition
as usual. The long-range logarithmic vortex interaction
to be modified for this case, and the easiest way to acc
plish this is by expandingV in a Fourier series~taking into
account the periodic boundary conditions and the fin
charge distribution!:

V~r !2V~0!5
1

L2(k
2p

k2
u f ku2~eik•r21!. ~4!

Here f k5exp(2k2r c
2/4) is the Fourier transform of the

‘‘charge distribution’’ f (r ), andL is the linear system size
The allowed wave vectors are quantized by the perio
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boundary conditions and given byk5(2p/L)(nx ,ny),
where nx and ny are integers. This makes the interactio
periodic with periodL.

The Gaussian cutoff of the interaction is convenient wh
evaluating the interaction, since it means only a relativ
small number of wave vectors in Eq.~4! will contribute. To
obtain a quick evaluation of the interaction in continuu
simulations, we use a look-up table defined on fine latt
and bilinear interpolations to the vortex positions. We w
only consider relatively small systems, and therefore do
use further convergence accelerations for evaluating
Coulomb potential.

There are two related main methods to detect a KT tr
sition from physical measurements involving vortex dyna
ics. The first one is to look for the universal jump in th
superfluid density, and the other is the universal nonlin
voltage-current characteristicV;J3 at T5Tc . In the Cou-
lomb gas the universal jump is seen in the dielectric respo
function, whose inverse is given by

e21~k!512
V~k!

L2T
^qkq2k‹, ~5!

whereV(k) andqk are the Fourier transforms of the intera
tion and charge density, respectively. For a superflu
e21(k→0) is proportional to the macroscopic superflu
density rs , fully renormalized by vortex excitations. Thi
corresponds to the macroscopic spin stiffness in theXY
model. The universal jump at the KT transition is given by20

1

e~0!Tc
5H 4 at T5Tc

2

0 at T5Tc
1.

~6!

In simulations, the inverse dielectric constant is usually
fined only at finite wave vectors in the Coulomb gas. To u
this quantity in a simulation requires extrapolation from t
smallest nonzero wave vectork52p/L to zero. An alterna-
tive is to modify the definition of the model to allow for zer
wave-vector excitations corresponding to vortex curre
across the system.21,22This is accomplished by adding to th
Hamiltonian the term

H85
p

L2
P2, ~7!

where the polarization isP5( isir i . The k50 response is
now given by

e21512
p

L2T
^P2&. ~8!

In the lattice version of the model this quantity correspon
exactly to the spin stiffness~helicity modulus! of the 2D
XYmodel after replacing the cosine interaction with the V
lain interaction.21,22 For finite system sizes there will be
logarithmic correction atTc given by23

e21~Tc ,L !5e`
21S 11

1

2 lnL1CD . ~9!

We will use this equation below to locate the KT transitio
temperature from Monte Carlo data on finite systems.
now turn to the simulation methods used in our calculatio
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III. MONTE CARLO METHODS

In this section we describe our Monte Carlo~MC! algo-
rithm in some detail. Our algorithm simulates a gran
canonical ensemble of particles on a continuum, using a
nite step length for the various MC moves.

Most of the previous simulations of the 2D CG were do
on the lattice version of the model. The lattice simulation
easily implemented by considering one single type of M
trial moves: adding vorticity-neutral pairs on randomly s
lected nearest-neighbor pairs of lattice sites. If the ene
change of inserting the vortex pair isDE, the attempt is
accepted according to the usual Metropolis algorithm w
probability exp(2bDE). This algorithm is effective in orde
to construct the equilibrium phase diagram as a function
temperatureT and vortex chemical potentialm. This simula-
tion accurately verifies that the Coulomb gas has a KT tr
sition at low vortex density, in full agreement with analyt
results.16 At high vortex density, however, the simulatio
becomes sensitive to the discretization of space, and in o
to investigate the properties of the model in this limit w
perform our simulations on a continuum.

Below we will describe our Monte Carlo algorithm
which is an extension of an algorithm described by Valle
and Cohen.24 In a grand-canonical Monte Carlo simulatio
the number of particles is fluctuating. Thus Monte Ca
moves which change the particle number must be con
ered. There are many ways to accomplish this, all having
common that the acceptance probabilities must be diffe
from the usuale2bDE in order to ensure detailed balance.
our case~periodic boundary conditions and no external ma
netic field! we must also require that the particles are crea
and destroyed in pairs of opposite charge, to keep the sys
neutral. Since the Coulomb interaction favors configuratio
of particles in tightly bound pairs, we find it convenient
use an algorithm in which the particles are attempted to
placed close to each other. This reduces the correlation
of the MC simulation considerably compared to the ca
where particles are created at independent random posit
This helps to obtain reasonably fast convergence of the si
lation.

The attempted Monte Carlo moves are the following:~1!
Creation: A particle is inserted randomly in the system, a
then another particle with opposite charge is inserted at
dom within a distanced from the first one.~2! Destruction:
A randomly chosen particle, and a particle of oppos
charge within a distanced from the first one~if any! is de-
leted from the system.~3! Movements of particles: A particle
~or a pair of particles! is moved a random distance. The val
of d can be tuned to optimize convergence. The accepta
probabilities for these moves can be found from the follo
ing argument.

The probability of a statei in the grand-canonical en
semble is given by

Pi5
1

Z
e2b~Ei2mNi !. ~10!

Let wi j denote the transition probability to go from statei to
state j in the Markov chain. A sufficient condition that th
probability distribution will converge toward the equilibrium
one~besides ergodicity! is given by the condition of detailed
-
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balance:wi j Pi5wji Pj . Now let t i j be the transition prob-
ability for the trial moves between statesi and j ~i.e., the
conditional probability to attempt to go to statej given that
the current state isi ), andai j the probability that the corre
sponding trial move getsaccepted. This means that

wi j5t i j ai j ~ iÞ j !, wii512(
jÞ i

wi j . ~11!

The trial transition probability for creating a pair is equal
the inverse of the volume of the phase space in which
attempt to place the particles~normalized by the phase-spac
division!, while for the destruction moves described above
is equal to the inverse of the total number of ways to remo
a pair of particles. Both these quantities are needed for
evaluation of the acceptance probabilities in both the c
ation and destruction moves. If we consider the transitio
between statesi and j , with total number of particles
Nj5Ni12, we have

t i j5
z2

VV
, t j i5

1

~Nj /2!NV
, ~12!

whereV5L2 is the ~2D! volume of the system~the phase
space available for the first particle created! and V is the
phase space available for the second particle, given
V5pd2 for soft-core particles, and in the case of hard co
by V5p(d221) ~the excluded volume due to the hard-di
diameter 1 is subtracted!. Nj /2 is just the number of ways to
choose the first particle of a given charge in a destruct
move. The number of ways to choose the second on
given byNV , which we define as the number of opposite
charged particles within a distanced from the first particle
chosen in a pair to be destroyed~or from the first one of a
hypothetically created pair!. Detailed balance now follows if
the acceptance probabilities are chosen so that

ai j
aji

5
t j i
t i j

Pj

Pi
5

VV

~Nj /2!NV
e2b~Ej2Ei22m!22 ln~z!. ~13!

We see that the precise value of the phase-space divisiz
only enters as a shift in the chemical potential. In the follo
ing we will set it equal to 1. Thus we choose the accepta
probability for creations to be min(1,ai j /aji ), and for de-
structions min(1,aji /ai j ), while it is the ordinarye2bDE for
displacements. The value ofd is arbitrarily chosen to 2. The
creations and destructions must be attempted with eq
probability.

A MC sweep consists ofL2 trial moves. At each tempera
ture about 104 initial sweeps were discarded to equilibra
the system, and then between 105 and 106 were used to cal-
culate averages.

IV. RESULTS

We now turn to our results. Below we will construc
phase diagrams for the 2D CG model. To do this we m
first locate the phase transition points from Monte Ca
data. Figure 1 shows how to determine the KT transit
temperature from MC data for the dielectric functio
1/e(0) given by Eq.~8!. The data in the figure are for th
vortex chemical potentialm520.16, and system sizes ar
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526 55JACK LIDMAR AND MATS WALLIN
L3L with L56, 8, 10, 12, and 16 ordered from top to bo
tom. The curves are actually formed from straight-line s
ments interpolating between MC data points. Since the
tistical errors are small these straight-line segments in
figure form quite smooth curves, and we therefore do
show the data points or error bars. The straight dashed lin
the universal jump condition given by Eq.~6!, andTc would
be where an infinite system crosses this line.

The inset shows how to construct this intersection po
by including a correction to the scaling formula, given
Eq. ~9!. This practically eliminates finite-size effects at th
critical point, which is at the common crossing of the curv
for different sizes with the straight universal-jump line. T
smallest system size (636) deviates slightly, and was lef
out of the fit. This procedure gives a quantitatively rath
accurate extrapolation to the thermodynamic limit, allowi
us to determineTc'0.105 at this value ofm. Similar calcu-
lations at other values ofm allow us to construct the main
parts of the phase diagram of the model.

The main issue of this paper is to investigate the natur
the phase diagram of the 2D CG at finite vortex densit
and to compare with qualitative and quantitative features
existing theories. Figure 2 shows the phase diagram of
2D CG for low to moderate vortex densities. The curves
the figure are various transition lines computed from o
continuum simulation for the cases of hard and soft co
lowest order equations by Kosterlitz,7 next order RG equa
tions by Amit, Goldschmidt, and Grinstein8 and Timm,9 and
the equations of Minnhagen and Wallin.11 All curves are KT
transition lines except the low-T part of the bottom curve
which is a first-order line; the KT part of the bottom curv
extends betweenT'0.144 andT5 1

4. We see that the KT
lines from all determinations coincide close to the po
(T,z)5( 14,0) in the phase diagram, but otherwise they de
ate significantly from each other. The agreement is expec
because, close to this point, all theories are exact by c
struction, and this shows that the simulation works as
pected. It is, however, clearly seen from the figure that

FIG. 1. Location of the KT temperature~in dimensionless units!
from MC data for the dielectric function 1/e(0) of the CG. System
sizes areL56, 8, 10, 12, and 16 from top to bottom. The chemic
potential ism520.16. The inset shows MC data corrected f
finite-size effects according to the text, making curves cross aTc
given by the universal jump criterion~dashed line!. The smallest
system (636) deviates slightly, and was discarded.
-
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parameter regime in which the approximate theories g
quantitative agreement is very limited.

Next we will investigate the nature of the phase transit
in the region of high vortex density in the phase diagra
Here different things happen for hard and soft disks: ha
disk vortices have a change of ground state when the vo
core energy becomes negative from an empty system in
square vortex-antivortex crystal. Soft-core vortices inste
change into a normal state where overlapping cores cove
whole system. We will here assume hard-disk vortices.

A first indication that something changes at high densit
is given in Fig. 3~a!. Here we plot the specific heat as

l

FIG. 2. Phase diagram of the 2D Coulomb gas. The vari
curves are transition lines determined by different methods~see
text!. Note that all curves coincide close to the poi

(T,z)5( 14 ,0) in the phase diagram, but deviate at finitez. The
bottom curve is a KT line forT.T*50.144 and first order for
T,T* @the end point of the KT line (T* ,z* ) is marked by a3#.
All other curves are KT transition lines.

FIG. 3. ~a! Specific heat as a function of temperatureT at fixed
chemical potentials,m50.015,0.01,. . . ,20.02, from left to right,
for a system of hard-core vortices. The system size is 20320. The
curves are formed using the multiple histogram method~Ref. 26!
from three simulations at the parametersT50.0368, 0.0324, and
0.0275 andm50, 0.005, and 0.01, respectively.~b! Location of the
peak in the specific heat as a function ofT, for several system sizes



o
n

,
s
til
-
vi
e
in
ifi
et
re
lo
x-
ca
o

rd
iz

u
pr
e
he
ys

lu
ry
ee

er
av
n

b
h
b

si
he
s
t.
ic
, t
ite
ur
th
qu
he
th

ic
io

th
I
tio

ca

for

he
the

-
t a
s
de-
at
rts

he
onal
f a
f
cal
e
in

r-
ex-
ical
er:
er,
nd
ith
ions:
O
on-
t-
re-

f
es.

v-
,
at
ree-
rder
rts

55 527MONTE CARLO SIMULATION OF A TWO-DIMENSIONAL . . .
function of temperature for a number of fixed chemical p
tentials. If the phase transition is of the KT type, there is
divergence in the specific heat atTc(m), but there is a peak
at a somewhat higher temperature.25 In the figure we see that
as the chemical potential is increased, the peak move
lower temperature and becomes sharper and higher, un
reaches a maximum aroundT'0.03, where it starts to de
crease. A possible explanation of this change of beha
would be that the KT transition is replaced by a first-ord
transition line at lower temperature, ending at a critical po
with a diverging specific heat. Indeed the peak in the spec
heat show strong finite-size effects in the whole param
region depicted in the figure. Further support of this interp
tation is found using the histogram methods described be
It is difficult to give an accurate estimate of the critical e
ponents, since we do not know exactly where the criti
point is. Our results are, however, consistent with a value
roughlya/n'1.6.

The location of the peak in the specific heat for the ha
core case for different fixed temperatures and system s
forms the curves in the (T,m) plane shown in Fig. 3~b!.
Close to these curves we do a more detailed analysis. We
standard histogram methods, together with a smoothing
cedure described below. The procedure to locate param
points that will extrapolate to the critical parameters in t
thermodynamic limit uses histograms in two related wa
First, we use the multiple histogram method.26 This enables
us to extrapolate thermodynamic quantities to nearby va
of m and T, which avoids expensive simulations at eve
point. Second, we use histograms to distinguish betw
continuous and first-order transitions.27 We constructed his-
tograms using a very small bin size. This produces v
noisy histograms which were then smoothed by forming
erages over the 16 nearest bins. Close to a first-order tra
tion the probability distributionP(E) will have a double-
peak structure with one peak in each phase, separated
minimum. An example can be seen in the inset in Fig. 4. T
free-energy barrier between the phases is defined
DF/T52 ln(Pmax/Pmin), wherePmax is the value of the prob-
ability distribution at the peak, andPmin is at the valley in
between. If the barrier increases with increasing system
this signals that there will be a first-order transition in t
thermodynamic limit. If it decreases there will be no pha
transition, and if it is constant there will be a critical poin
This analysis is usually carried out for parameters at wh
the two peaks have equal heights. In our case, however
histograms are highly asymmetric, which makes this cr
rion rather useless. Instead we use the following proced
For a given value of the chemical potential, we adjust
temperature to the point where the two peaks have e
weights. We accomplish this by repeatedly smoothing t
histogram curve by averaging over neighboring bins until
peaks become symmetric, and then we adjustm andT until
their heights become equal. This method gives a pract
way to approximately locate the parameters at the transit
We find that for a givenm and system sizeL, the points
where the two peaks have equal weight form a curve in
(T,m) plane, which depends slightly on the system size.
our case this curve coincides to a very good approxima
with the location of the peak in the specific heat@see Fig.
3~b!#, which was used as a preliminary estimate of the lo
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tion of the critical parameters for each system size.
Figure 4 shows the result of the histogram analysis,

the case of hard disks. The free-energy barrierDF was con-
structed from histograms of the energy distribution in t
simulation. The inset shows typical such histograms of
Boltzmann factorsP vs energyE. Three regions can clearly
be seen. At low temperature,DF grows with increasing sys
tem size, indicating a first-order transition line ending a
critical point at (T,m)'(0.032,0.004) where all curve
cross. Above this temperature, the free-energy barrier
creases with increasing system size. The first-order line
low temperature replaces the KT transition line, which sta
atT'0.032 and goes up toT5 1

4. At the first-order transition
there is a discontinuity in the particle density and in t
energy. None of the phases have any long-range positi
order. For soft disks we have not found any evidence o
~finite temperature! first-order transition. A rough estimate o
the average of the fluctuating vortex density at the criti
endpoint isn'0.15, which is much larger than the valu
n50.004 at the tricritical point in the theory presented
Ref. 14.

Simulations for discrete lattices give qualitatively diffe
ent results in the high-density regime. Here one finds vort
antivortex crystals at finite temperature and high chem
potential.16 These phases have two distinct kinds of ord
positional LRO of a staggered vorticity order paramet
commensurate with the underlying discretization lattice, a
a finite macroscopic dielectric function. Associated w
these are two separate finite-temperature phase transit
one Ising-type transition and a KT transition. The Ising LR
is expected to disappear at any finite temperature in the c
tinuum limit, when there is no pinning to an underlying la
tice, but both algebraic quasi-LRO and a finite dielectric
sponse function can in principle remain at finiteT. To

FIG. 4. Free-energy barrierDF determined from histograms o
the Boltzmann factors in the simulation of vortices with hard cor
Inset: histograms of the Boltzmann factorsP vs energyE at
m50.008 andT'0.029. The figure shows three different beha
iors: At low temperatureDF grows with increasing system size
indicating a first-order transition line, ending at a critical point
T'0.032 where all curves cross. Above this temperature the f
energy barrier decreases with increasing system size. The first o
line at low temperature replaces the KT transition line which sta

at T'0.032 and goes up toT5
1
4 .
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528 55JACK LIDMAR AND MATS WALLIN
investigate the relation between lattice and continuum sim
lations further, and to see what happens to the phase tra
tions found in the lattice Coulomb gas when the continu
limit is approached, we performed a sequence of lat
simulations with decreasing lattice constants.

Figure 5 shows data for the inverse dielectric const
1/e(0) for lattice constantsa51, 1

2,
1
4,

1
8, and 0, where

a50 means continuum simulation. In~a! the system size is
16316 and the chemical potential is negative,m520.2,
which is in the region where the ground state is empty.
first observe that the results of the simulations interpo
smoothly from the lattice case to the continuum case as
lattice constant is decreased. This serves as a useful tes
the two different Monte Carlo programs for the two cas
both converge. The data in the figure imply that the K

FIG. 5. Inverse dielectric constant from MC data on lattices w
a sequence of decreasing lattice constantsa51, 1

2,
1
4,

1
8, and 0,

where a50 means a continuum simulation. In~a! the chemical
potential is negative,m520.2, and the KT transition temperatur
goes up somewhat when the lattice is removed. The system si
16316. In ~b! the chemical potential is positive,m511.0, and the
width of the charge distribution is chosen asr c50.1 in units of the
hard-disk cutoff diameter. The system size is 838. Here the KT
transition temperature drops sharply as the discretization lattic
refined, and any finite dielectric response function of a vort
antivortex phase is unobservable at finite temperature in the
tinuum case. The dashed line is the universal jump criterion for
KT transitione2154Tc . The crossing points give estimates of th
transition temperatures for the different curves.
-
si-

e

t

e
e
e
hat
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transition temperature goes up somewhat when the disc
zation lattice is removed for this value of the chemical p
tential. To investigate whyTc goes up when the lattice i
removed, we looked at the vortex densities. For the sa
parameters, the lattice case has somewhat higher vortex
sity than the continuum case. This is because the pinn
potential of the lattice favors tightly bound vortex-antivorte
pairs, which leaves more space in the system for other v
tices. In~b! the chemical potential is positive,m511.0, for
which the corresponding (T50) ground state is a vortex
antivortex crystal. Here the width of the charge distributi
is chosen asr c50.1 in units of the hard-disk cutoff diamete
and the system size is 838 @this choice ofr c increases the
tendency of the vortices to order in a vortex-antivortex cr
tal compared to our previous choicer c5(1/A2)eg/2#. Here
the KT transition temperature drops sharply as the discr
zation lattice is refined, and any finite dielectric function o
vortex-antivortex phase is unobservable at finite tempera
in the continuum case. Also the transition temperature for
Ising-Type staggered order, which for lattice constanta51
is higher than the KT transition, approaches zero as the
tice constant is decreased. This demonstrates that the fi
temperature crystal phases shrink down to zero tempera
~or at least to smaller temperature than we could conve
numerically! in the continuum limit.

V. DISCUSSION

We have constructed phase diagrams of the 2D continu
Coulomb gas from grand-canonical Monte Carlo simu
tions, and compared it with various~approximate! analytical
results~see Fig. 2!. We find that all results agree at sma
fugacity, as expected, but at finite fugacity various resu
differ significantly both quantitatively and qualitatively.

We studied two different cases, namely, vortices with a
without an additional hard-disk repulsion. In the case wh
the interaction is purely Coulombic, we find that the tran
tion remains continuous, consistent with the KT theory,
any negative value of the chemical potential~corresponding
to fugacitiesz5em/T,1). At m50 the system goes norma
and the CG model breaks down. On the other hand, whe
hard-core repulsive interaction is added to the Coulomb
teraction, we find evidence from finite-size scaling of t
Monte Carlo data for a first-order transition at finite but lo
temperature,T&0.032, and at a small positive value of th
chemical potential. Our critical endpointT'0.032 is roughly
consistent with the one found in Ref. 18. We do not fi
first-order transitions at negative chemical potentials as
Refs. 11 and 13–15.

The existence of our first-order transition is related to
change of ground state at the point where the chemical
tential exceeds the Coulomb energy per particle in a squ
vortex-antivortex lattice, with the lattice constant equal to t
hard-disk diameter. This energy should be compared to
basic energy scale for creating vortices, the pair creation
ergy, which is the total energy of a vortex-antivortex pa
whose hard disks touch. Both the crystallization energy a
the pair creation energy depend very strongly on the ra
between the hard-disk diameter and the short-distance cu
r c in the Coulomb interaction. Indeed we find that, in a
cases we tried, the value ofm at which the first-order tran-
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55 529MONTE CARLO SIMULATION OF A TWO-DIMENSIONAL . . .
sition takes place is slightly above the ground-state crys
ization energy~but below the pair creation energy!. It is in-
teresting to note, however, that this finite-temperature fi
order transition takes place not between the empty state
the vortex-antivortex crystal, but between a gaslike lo
density phase and a liquidlike high-density phase, with
long-range order. This is in contrast with simulations do
on an underlying discretization lattice, where the first-ord
transition is to a vortex-antivortex crystal.16

To investigate this effect further, we performed a s
quence of lattice simulations with different lattice constan
a51, 1

2,
1
4,

1
8, and 0. We find that the extent of the LR

vortex-antivortex crystal phase shrink rapidly towards z
temperature with decreasing lattice constant, leaving no
in the continuum case, at least for the parameters consid
by us. We cannot, however, rule out the possibility of qua
LRO, orientational order, etc., at lower temperatures th
could be safely converged in our simulations. It should
mentioned that in this parameter regime~high density, low
temperature! it is very hard to converge the simulations, a
all our results are for rather small systems due to limitatio
in what sizes we are able to converge safely.

Our simulation gives only limited information about th
nature of the vortex-antivortex crystal melting, and our
sults in this regime should be considered only as a fi
guideline. Further insight may be gained from the rela
problem of two-dimensional melting.4,5 The models used in
studies of melting usually have distinct differences from
one used here, namely, they contain only repulsive for
and no particle number fluctuations. Melting of a hard-d
system has been studied in detail using simulation meth
similar to ours.5,28–30A nontrivial dependence on short-rang
details has been reported,31 which motivates investigating th
effect of softening the hard-disk cutoff in our model. Fu
thermore, it has been demonstrated that the nature of
melting transition requires going to large system size,29,30

which would be desirable also in our case.
To summarize our results, we will now discuss seve

qualitative features of the phase diagram of the 2D CG w
hard disks. Figure 6 shows the phase diagram in the (T,m)
plane, together with several snapshots of typical vortex c
figurations obtained in our simulations. Below the KT tra
sition line the system is in a superfluid phase where all v
tices present in the system are bound together in pair
opposite vorticity. In this phase the vortex-vortex correlati
function decays algebraically so there is no LRO, but nev
theless the long distance macroscopic dielectric functione is
finite, corresponding to a phase with finite macroscopic
perfluid density. Above the KT transition, free vortices a
pear, and the macroscopic superfluidity is destroyed.
simulation shows that this happens at any choice of
chemical potential as long as it is negative. In Fig. 6, the
transition line extends some~small! distance into the region
of positive chemical potential, and is then taken over b
first-order transition line at low temperature and small po
tive chemical potential.

Our simulations are at finite temperature, but at zero te
perature we have the following three distinct ground sta
an empty system~no vortices! at low vortex chemical poten
tial; a square vortex-antivortex crystal above a certain che
cal potential, which is always positive; and a close-pack
l-
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triangular~frustrated! vortex crystal above a second thres
old value of the chemical potential. The crystal states
indicated schematically in Fig. 6. We simulated down to lo
but finite temperatures, but did not reach low enough to
serve any traces of these crystal states. We can therefor
decide if crystalline order, with a finite dielectric respon
function, remains at small but nonzero temperatures. Lo
range crystal order can also be destroyed at zero temper
by quantum melting, which is not included in our classic
model. However, instead of crystalline LRO, we find th
typical short-range positional correlations shown in the in
in Fig. 6, close to the region of the first-order transitio
There are tendencies to form both 2D vortex-antivortex fin
clusters and also characteristic 1D vortex-antivortex stri
appear. The configurations are strongly fluctuating, w
strong density fluctuations, and a snapshot at a later time
look very different but with the same kind of typical pos
tional correlations.

Qualitatively different phase diagrams containing vorte
antivortex crystal states have been discussed in the litera
We do not observe the thermally created vortex-antivor
crystals in superfluids/superconductors that were propose
Refs. 32 and 33.

Finally we will discuss the possible experimental cons
quences of our phase diagram. In the usual applications,
superfluid and superconducting films, where the only vo
ces present are due to thermal fluctuations~i.e., at negative
vortex chemical potential!, our simulations show that ther
will always be a KT transition. According to our result
first-order transitions can happen only when the creation
ergy for a vortex pair isnegative, i.e., for a positive chemica
potential. To enter this parameter regime it is necessar
have a short-range repulsion between the vortices, such
the hard-disk model. We expect that this is not usually
case in superconducting or superfluid films, but it should

FIG. 6. Phase diagram with snapshots of typical configurati
inserted. The cross marks the critical point (T,m)'(0.032,0.004) at
which the KT line changes to first order. The displayed snapsh
are the following:~A! Superfluid vortex-dipole phase at low den
sity. ~B! Nonsuperfluid free vortex phase.~C! Square vortex-
antivortex crystal ground state at small positive vortex chem
potential~negative core energy!. ~D! Triangular~frustrated! vortex
crystal above some threshold value of the chemical potential.~E!
Characteristic 1D vortex-antivortex patterns in the regime where
dense vortex liquid evaporates.
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530 55JACK LIDMAR AND MATS WALLIN
be excluded that quantum fluctuations could effectively le
to this situation in peculiar cases. In any case our simula
shows that a KT transition is not the only possibility in th
parameter regime. An example of a physical system wh
has many of the properties of our CG model in the param
regime where we predict first order transitions is provided
spin textures in quantum Hall systems. In double-layer qu
tum Hall systems at the filled lowest Landau level, i.e., o
flux quantum of the perpendicular magnetic field penetra
the sample for each electron in the 2D electron gas, a fi
temperature KT transition has been predicted,6 and studied
by lattice simulations.34 Away in filling from the filled Lan-
dau level there will be extra charges or holes present. Th
is a certain regime where the excess charge cause the fo
tion of electrically charged pseudospin vortices,6 such that
each vortex carries electric charge6e/2. This system thus
automatically has a finite density of vortex-antivortex pai
,

.
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e
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te

re
a-

,

so at low enough temperature the vortex chemical poten
is positive. Furthermore, the hard disks correspond v
roughly to the Coulomb repulsion between the elect
charges. Thus the basic requirements for observing our fi
order transitions are fulfilled, but clearly a more detail
analysis taking into account, for example, the long-range
ture of the electric Coulomb repulsion is needed. This mo
vates further simulations of this physical system using m
realistic models.
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