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Monte Carlo simulation of a two-dimensional continuum Coulomb gas
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We study the classical two-dimension@D) Coulomb-gas model for thermal vortex fluctuations in thin
superconducting/superfluid films by Monte Carlo simulation of a grand-canonical vortex ensemble defined on
a continuum. The Kosterlitz-Thouless transition is well understood at low vortex density, but at high vortex
density the nature of the phase diagram and of the vortex phase transition is less clear. From our Monte Carlo
data we construct phase diagrams for the 2D Coulomb gas without any restrictions on the vortex density. For
negative vortex chemical potentiglositive vortex core energyve always find a Kosterlitz-Thouless transi-
tion. Only if the Coulomb interaction is supplemented with a short-distance repulsion is a first-order transition
line found, above some positive value of the vortex chemical potep8alL63-1827)05801-3

[. INTRODUCTION However, it is possible that qualitatively new physics ap-
pear when the corrections become large, and the soeath

Physical systems which are effectively two dimensional,pansion is no longer justified. Minnhagen and co-workers
and whose important thermal excitations are vortices, cagonstructed generalized RG equatioh$ These equations
undergo a Kosterlitz-Thoules&T) transition! A prototype  come from a cumulant expansion, and are of infinite order in
model for such systems is the two-dimensional Coulomb gag (they resum an infinite subset of tenm3hese equations
(2D CG), and it is well known to have two distinct phases. In are justified both in the limits of high and low fugacity, and,
the low-temperature phase vortices are present only in tightlin between, at finite fugacity, one may hence expect them to
bound vortex-antivortex pairwortex insulatoy. In the high-  be better than Kosterlitz-type equations that are only justified
temperature phase, above the KT transition temperature, fres low z. From these equations, Minnhagen and Wallin found
vortices are preserfvortex metal. Examples of such physi- a qualitatively new phase diagram. Here the KT transition
cal systems are thin-film superconductors, two-dimensiondine ends at a finite temperature and fugacity;* (z*)
superfluids, Josephson-junction arrays, two-dimensionad(0.144,0.054), and below this temperature a first-order
melting, double-layer quantum Hall systems, €®The KT  transition line replaces the KT linfé:*2 Several other papers
transition has been studied theoretically in detail, but fewhave also discussed first-order transitibhs? These ex-
rigorous results have been established and some importaamples illustrate that the phase diagrams for the 2D CG from
uncertainties remain. Notably, how good are theanalytic treatments often come out quite differently at finite
renormalization-group treatments, that are typically justifiedvortex density(see Fig. 2 beloyv Some methods, but not all,
at low vortex density, in the high-temperature phase, andjive first-order transitions.
what is the nature of the phase transition in the dense limit? Additional information about the phase diagram of the 2D
When and how do first-order transitions appear? In this pape€G model, besides the somewhat unsettled picture from ana-
we address these issues by a grand-canonical Monte Carytic calculations, can be obtained from computer simula-
simulation of a two-dimensional Coulomb-gas model definedions. Calculations of the phase diagram of the 2D CG by
on a continuum. Monte Carlo simulation have been done by various authors.

Considerable theoretical understanding of the KT transiLee and Teitéf performed simulations of the 2D Coulomb
tion has been gained from various analytic approaches. Thgas defined on square and triangular lattices. These simula-
most direct analytic way to obtain the KT transition and antions give a rich phase diagram, containing the expected KT
approximate phase diagram for the 2D Coulomb gas is protransition at low vortex densitgin agreement with RG theo-
vided by Kosterlitz real-space renormalization-gro®G)  rie9), a first-order transition at high vortex density, and more.
equations. The equations are justified at small vortex den-The first-order transition is from the low-temperature vortex
sity, and give a phase diagram containing two phases: thdipole phase into a dense vortex-antivortex crystal above
superfluid phase and the vortex metal phase where superflseme critical vortex chemical potential, with one vortex on
idity is destroyed, separated by the KT transition line. Ko-each lattice site, and thus having the same lattice structure as
sterlitz equations can be viewed as the lowest-order equdhe underlying discretization lattice. These crystal phases
tions in an expansion in the vortex fugacitywhich controls  have two distinct kinds of order: a superfluid order charac-
the vortex density(small fugacity means small density terized by a finite macroscopic superfluid density, and a crys-
Next-order RG equations have been suggested by varioualline positional long-range ordét RO) with a staggered
authors, e.g., Amit, Goldschmidt, and GrinstBiand re- Ising-type order parameter for the vorticities. These two
cently by Timm? All these equations coincide with Koster- types of order both survive at finite temperature in the lattice
litz equations at low vortex density, where the higher-ordersystems, and they give two distinct transitions as the tem-
terms are small, and give qualitatively similar phase diaperature is increased. Caillol and Levesque performed simu-
grams, with a KT transition extending to high vortex density.lations of a CG defined on the surface of a sphere, without
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any discretization of spacé.They found indications of first- Il. TWO-DIMENSIONAL COULOMB-GAS MODEL

order transitions at finite vortex density, but they did not
present a finite-size scaling analysis, which is desirable i

order to extrapolate the data to the thermodynamic Iimit.-l-hiS model follows in certain limits from the Ginzburg-

Similar findings with later and more accurate methods haV(I’.andau(GL) theory, namely when the only important fluc-
been reported recently. . _ _tuations in the GL order parameter field¥(r)
Taken together, analytic results and previous S|mulat|on8__|q;(r)|exp(i¢(r)) are phase fluctuations, which leads to
sometimes give support for first-order transitions, in additionggarithmically interacting vortices and antivortices, corre-
to the usual KT tranSition, and sometimes not. This mOti-Sponding to positive and negative “Charges” in the 2D Cou-
vates further work both analytically and also by further simu-jomb gas.
lations. In this paper we present simulations of the 2D Cou- The 2D Coulomb-gas model is defined by the grand-
lomb gas in a grand-canonical ensemble with vortexcanonical partition function
positions defined on a continuum, without using any under-
lying discretization lattice. The lattice models have important 1
physical realizations, for example, in networks of Josephson-  Z= N=0 g A NLIN_
junction arrays or granular superconductors, but for homoge- B
neous two-dimensional superfluids and superconductors comhere N, ,N_ is the number of positive and negative
tinuum models are appropriate. Furthermore, continuunCoulomb-gas particlesi.e., vortices and antivorticgsand
simulations are more similar to RG approaches that use coN=N_ +N_ is the total number of particles. We will only
tinuum models. When are any differences between a latticeonsider the neutral Coulomb gas, whée=N_, which
model and a continuum model expected? Lattice simulationsorresponds to no external magnetic field applied to the su-
will correctly give universal critical properties, and are rea-perconductor, or no net rotation of the superfluid. The di-
sonable when the important length scales are much largenensionless inverse vortex temperature 8=1/T
than the lattice constant, i.e., at low densities. Critical phe=2mpy#?/m*kgTPVs@ and u=—E, is the chemical po-
nomena with a diverging correlation length should thus beential of the CG particles,. being the vortex core energy.
well captured by such lattice simulations. However, to inves+, is the superfluid density in the absence of vortices, and
tigate general properties of a system defined on a continuunin* is the mass of the boson responsible for superfluidity/

such as the form of the phase diagram, and in particular whauperconductivity. The phase-space divisfois an arbitrary
happens when the vortex gas becomes dense, one should éggstant which we will set tg=1.

a limit of a small lattice constant, or perform simulations The Hamiltonian is

directly in a continuum. In a continuum system, without an

underlying discretization lattice, we expect the positional , , ,

LRO of the vortex-antivortex crystal states found in lattice H:%J a(NG(r—ra(r)dr d*’, @

simulations at high chemical potential to disappear at any , ) ,

nonzero temperature. However, the more relevant question [nered(r) ==isif(r—r;) is the vortex densitys;=*1 is

what happens to the superfluid density: does it stay finite af'€ Vorticity or CG charge of the2 particle gt, andG is the

any nonzero temperature when the lattice is removed? ~ Solution to Poisson’s equatioy,°G(r)=—2m4(r). For a
We now summarize our results: Using finite-size scaling2D infinite system this givess(r)~—In|r|. The function

of our Monte Carlo data, we construct phase diagrams of thé(r) is the charge distribution for a single particle, which

continuum 2D CG. We compare these with phase diagram¥ill be discussed in more detail below. Defining

obtained from several different RG treatments. As expected,

they all agree, and coincide at small vortex density, where V(r):i f(r')G(r+r' —r")f(r"d3r d?r",

the RG equations become exact. For negative vortex chemi-

cal potential(positive vortex core energywe always find a the Hamiltonian can be written

KT transition. We find a first-order transition line, above

some positive value of the chemical potential, in the case N

when the Coulomb interaction is supplemented with a hard- H= iiEj sV(ri—rys

core repulsion, but for soft-core vorticéwithout any short '

range repulsionwe do not find any first-order transitions. In N N 2

our continuum simulation, we do not obtain vortex- :5;&1 SLV(ri—r)—V(0)]s;+2V(0) EI si| .

antivortex crystal phases, as in the lattice simulations of Lee

and Teitel, with positional LRO or a finite superfluid density For an infinite system(or a finite system with periodic

at any of the finite temperatures where we were able to conboundary conditions V(0) is actually infinite, forcing

verge our simulation. Some of our results have been obtainel;s;=0 to make the last term vanighe., the system must

independently in a somewhat similar simulation by Holm-be neutrgl

lund and Minnhageh® The interaction has to be regularized at short distances, or
The paper is organized as follows: In Sec. Il the definitionotherwise the logarithmic divergencerat 0 will make the

of the Coulomb gas is introduced, and some previous resultsystem unstable. This is usually done by putting the system

are discussed in some detail. Section Il describes our Monten a lattice, but here we are working on a continuum and we

Carlo calculation. Section IV contains our results, and Secthus have to modify the interaction. This is done by defining

V contains a discussion of our results and conclusions.  a (normalized “charge distribution” f(r) of a vortex, here

In this section we will describe the definition and some
"Yetails of the two-dimensional Coulomb-g&® CG) model.

N
H i%)e—B(H—MN)' (1

i=1
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taken as a Gaussiefr@r)=(1/wr§)exp(—r2/r§), wherer. is  boundary conditions and given b= (2n/L)(ny,ny),
a measure of the vortex core radius. The physical origin of avhere n, and n, are integers. This makes the interaction
short-distance cutoff in superfluids comes from the fact thaperiodic with periodL.
the current must be finite at the vortex center. The charge The Gaussian cutoff of the interaction is convenient when
distribution describes how the magnitudeWfis suppressed evaluating the interaction, since it means only a relatively
to zero in the vortex core. small number of wave vectors in E() will contribute. To

In addition to having a finite “charge distribution,” we obtain a quick evaluation of the interaction in continuum
will sometimes treat the vortices as hard disks, thus excludsimulations, we use a look-up table defined on fine lattice
ing the possibility of overlapping vortex configurations. This and bilinear interpolations to the vortex positions. We will
case is convenient to simulate because it leaves no ambiguitynly consider relatively small systems, and therefore do not
in keeping track of the numbe\ of vortices in the system. use further convergence accelerations for evaluating the
We will also consider the case of soft cores where vortexCoulomb potential.
cores are allowed to overlap. In this case the number of There are two related main methods to detect a KT tran-
vorticesN in the system is not well defined in the case ofsition from physical measurements involving vortex dynam-
many overlapping vortex cores, and this is a serious compliics. The first one is to look for the universal jump in the
cation becaushl is explicitly needed in the evaluation of the superfluid density, and the other is the universal nonlinear
Boltzmann factorse #H~#N) in the simulation. We neglect Vvoltage-current characteristé~J* at T=T,. In the Cou-
this difficulty, and just take the number of vortices as thelomb gas the universal jump is seen in the dielectric response
number inserted into the system, whether or not they overlagunction, whose inverse is given by
To overcome this simplification one should instead consider
a Ginzburg-Landau model, but this is beyond the scope of Eil(k)zl_&k)«lkq—k) (5)
this paper. A hard-core repulsion makes it possible to study LT '

the model for positive chemical potentials, i.e., for ”egativewhereV(k) andq, are the Fourier transforms of the interac-

core energies. In particular a repulsion and a negative corg "+ charge density, respectively. For a superfluid,
energy are necessary requirements for observing vortex-—1

antivortex crystal phases. We will return in Sec. V to a com-, (k=0) is proportional to the macroscopic superfluid
parison between the hard and soft disk cases, and a disc density ps, fully renormalized by vortex excitations. This

sion of possible physical realizations ucsérresponds to the macroscopic spin stiffness in X
pos physice ' . model. The universal jump at the KT transition is giverfby
In principle the relation between the hard-core diameter

and the width of the charge distribution is a tunable pa- 4 tT=T2

: hol . 1 a c
rameter, and it has quantitative effects. In particular, the lo- - = N (6)
cation of the KT line in the phase diagram will depend eOTc [0 atT=T,.

strongly on this choice. A natural choice for the width of the | simulations, the inverse dielectric constant is usually de-
charge distributiony ¢, is that which gives an interaction fined only at finite wave vectors in the Coulomb gas. To use
which in an infinite system behaves asymptotically asthis quantity in a simulation requires extrapolation from the
V(r)=—Inlr| for large [r|. This happens forr.  gmallest nonzero wave vecter2m/L to zero. An alterna-
=(1/\/2)e"?~0.9437, wherey is Euler's constant. This tive is to modify the definition of the model to allow for zero
choice simplifies a comparison with analytic results, sinceyave-vector excitations corresponding to vortex currents

they usually also assume a pure logarithm at large distancgcross the systeft:?2 This is accomplished by adding to the
Other choices of . lead to a constant shift iV at large  Hamiltonian the term

distances. We did some limited calculations for other choices
of r to check the quantitative effects on the phase diagrams,
and some results for the choicg=0.1 will be given below.
The hard-core diameter is arbitrarily set tddr zero in the o ]
soft core case Where_ the polarization i®=Z2;s;r;. The k=0 response is

In simulations of the 2D Coulomb-gas model we are re-NOW given by
stricted to finite system sizes, and in order to mimic the -
thermodynamic limit we use periodic boundary conditions, e 1=1— —=(P?). (8)
as usual. The long-range logarithmic vortex interaction has LT
to be modified for this case, and the easiest way to accomp the [attice version of the model this quantity corresponds
plish this is by expandiny in a Fourier seriegtaking into  exactly to the spin stiffnesghelicity modulug of the 2D
account the periodic boundary conditions and the finitexy model after replacing the cosine interaction with the Vil-
charge distribution lain interactior?'?2 For finite system sizes there will be a

logarithmic correction af; given by

' ™ 2
H =3P )

1 2 .
V(D-V(0= 53 GIAEe 1. @

e YTl =€ M1 9)

+2InL+C)'

Here f,=exp(—k?r2/4) is the Fourier transform of the We will use this equation below to locate the KT transition
“charge distribution” f(r), andL is the linear system size. temperature from Monte Carlo data on finite systems. We
The allowed wave vectors are quantized by the periodigow turn to the simulation methods used in our calculations.
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. MONTE CARLO METHODS balance:w;;P;=w;P;. Now lett;; be the transition prob-
. . . ability for the trial moves between statesandj (i.e., the
In this section we describe our Monte Ca(ldC) algo conditional probability to attempt to go to stgtagiven that

rithm in some detail. Our algorithm simulates a grand- o .
canonical ensemble of particles on a continuum, using a githe current state i), anday; the probability that the corre-

nite step length for the various MC moves. sponding trial move getaccepted This means that

Most of the previous simulations of the 2D CG were done
on the lattice version of the model. The lattice simulation is wij =tia;  (1#]), W :1—2 Wij (112)
easily implemented by considering one single type of MC I#

trial moves: adding vorticity-neutral pairs on randomly se-The trial transition probability for creating a pair is equal to
lected nearest-neighbor pairs of lattice sites. If the energyhe inverse of the volume of the phase space in which we
change of inserting the vortex pair iSE, the attempt is  4itempt to place the particlésormalized by the phase-space
accepted according to the usual Metropolis algorithm withgjyision), while for the destruction moves described above it
probability exp¢-BAE). This algorithm is effective in order s equal to the inverse of the total number of ways to remove
to construct the equilibrium phase diagram as a function of pajr of particles. Both these quantities are needed for the
temperaturdl and vortex chemical potentiagd. This simula-  eyajyation of the acceptance probabilities in both the cre-
tion accurately verifies that the Coulomb gas has a KT tranation and destruction moves. If we consider the transitions

sition at low vortex density, in full agreement with analytic petween states and j, with total number of particles
results'® At high vortex density, however, the simulation N;=N;+2, we have

becomes sensitive to the discretization of space, and in order’

to investigate the properties of the model in this limit we 2 1

perform our simulations on a continuum. t =VQ’ tj; “(N2Ng’ (12
Below we will describe our Monte Carlo algorithm, ! @

which is an extension of an algorithm described by ValleauvhereV=L? is the (2D) volume of the systenfthe phase

and Coherf? In a grand-canonical Monte Carlo simulation space available for the first particle createshd Q is the

the number of particles is fluctuating. Thus Monte Carlophase space available for the second particle, given by

moves which change the particle number must be considf = 7d? for soft-core particles, and in the case of hard cores

ered. There are many ways to accomplish this, all having iby Q = 7(d?—1) (the excluded volume due to the hard-disk

common that the acceptance probabilities must be differerdiameter 1 is subtractedN;/2 is just the number of ways to

from the usuak™#2E in order to ensure detailed balance. In choose the first particle of a given charge in a destruction

our casgperiodic boundary conditions and no external mag-move. The number of ways to choose the second one is

netic field we must also require that the particles are createdjiven byN,, , which we define as the number of oppositely

and destroyed in pairs of opposite charge, to keep the systeoharged particles within a distancefrom the first particle

neutral. Since the Coulomb interaction favors configurationghosen in a pair to be destroyéar from the first one of a

of particles in tightly bound pairs, we find it convenient to hypothetically created pairDetailed balance now follows if

use an algorithm in which the particles are attempted to beéhe acceptance probabilities are chosen so that

placed close to each other. This reduces the correlation time

of the MC simulation considerably compared to the case a;; ti P; VQ e e o

. . .. _]: L_]:—e ﬁ(E] E| 2p)—21n(Z) (13)
where particles are created at independent random positions. ai t; Pi (Nj/2)Ng '
This helps to obtain reasonably fast convergence of the simu- ) o
lation. We see that the precise value of the phase-space division

The attempted Monte Carlo moves are the followifly: ~ ©nly enters as a shift in the chemical potential. In the follow-
Creation: A particle is inserted randomly in the system, andng we will set it equal to 1. Thus we choose the acceptance
then another particle with opposite charge is inserted at rarrobability for creations to be min@;; /a;), and for de-
dom within a distancel from the first one(2) Destruction: ~ structions min(la;; /a;;), while it is the ordinarye™ #2€ for
A randomly chosen particle, and a particle of oppositedisplacements. The value dfis arbitrarily chosen to 2. The
charge within a distancd from the first one(if any) is de- ~ creations and destructions must be attempted with equal
leted from the systen{3) Movements of particles: A particle Probability.

(or a pair of particlesis moved a random distance. The value A MC sweep consists df? trial moves. At each tempera-
of d can be tuned to optimize convergence. The acceptandére about 16 initial sweeps were discarded to equilibrate
probabilities for these moves can be found from the follow-the system, and then betweer? &hd 16 were used to cal-

ing argument. culate averages.
The probability of a stateé in the grand-canonical en-
semble is given by IV. RESULTS
1 e We now turn to our results. Below we will construct
Pi=e€ PE—N, (100 phase diagrams for the 2D CG model. To do this we must

first locate the phase transition points from Monte Carlo
Letw;; denote the transition probability to go from statee ~ data. Figure 1 shows how to determine the KT transition
statej in the Markov chain. A sufficient condition that the temperature from MC data for the dielectric function
probability distribution will converge toward the equilibrium 1/e(0) given by Eq.(8). The data in the figure are for the
one(besides ergodicityis given by the condition of detailed vortex chemical potentiak=—0.16, and system sizes are
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FIG. 1. Location of the KT temperatute dimensionless unijs
from MC data for the dielectric function 4{0) of the CG. System
sizes ard.=6, 8, 10, 12, and 16 from top to bottom. The chemical
potential is u=—0.16. The inset shows MC data corrected for
finite-size effects according to the text, making curves crosk;at
given by the universal jump criteriofdashed ling The smallest
system (6<6) deviates slightly, and was discarded.

FIG. 2. Phase diagram of the 2D Coulomb gas. The various
curves are transition lines determined by different methcsds
tex). Note that all curves coincide close to the point
(T,2)=(5,0) in the phase diagram, but deviate at finteThe
bottom curve is a KT line fofT>T*=0.144 and first order for
T<T* [the end point of the KT lineT*,z*) is marked by ax].

All other curves are KT transition lines.

LXL with L=6, 8, 10, 12, and 16 ordered from top to bot-

tom. The curves are actually formed from straight-line segparameter regime in which the approximate theories give
ments interpolating between MC data points. Since the staguantitative agreement is very limited.

tistical errors are small these straight-line segments in this Next we will investigate the nature of the phase transition
figure form quite smooth curves, and we therefore do noin the region of high vortex density in the phase diagram.
show the data points or error bars. The straight dashed line igere different things happen for hard and soft disks: hard-
the universal jump condition given by E€), andT. would  disk vortices have a change of ground state when the vortex
be where an infinite system crosses this line. core energy becomes negative from an empty system into a

The inset shows how to construct this intersection poinsquare vortex-antivortex crystal. Soft-core vortices instead
by including a correction to the scaling formula, given by change into a normal state where overlapping cores cover the
Eq. (9). This practically eliminates finite-size effects at the whole system. We will here assume hard-disk vortices.
critical point, which is at the common crossing of the curves A first indication that something changes at high densities
for different sizes with the straight universal-jump line. Theis given in Fig. 3a). Here we plot the specific heat as a
smallest system size ¢66) deviates slightly, and was left
out of the fit. This procedure gives a quantitatively rather

accurate extrapolation to the thermodynamic limit, allowing 5 ' @)
us to determind .~0.105 at this value of.. Similar calcu- 4+ L=20 ol .
lations at other values of allow us to construct the main 3| /\ \ i N oA ]
parts of the phase diagram of the model. = . I | ‘»\ /’ v y

The main issue of this paper is to investigate the nature of 27 I\ AN \ [ \fk(/ b |
the phase diagram of the 2D CG at finite vortex densities, 1 ,/ \ / L) \“,/ S /’X\Z \% N T
and to compare with qualitative and quantitative features of 0 - \Aﬁz/i?// I
existing theories. Figure 2 shows the phase diagram of the 001 | \\i;\ (b)|
2D CG for low to moderate vortex densities. The curves in ' TP
the figure are various transition lines computed from our L L=12 e
continuum simulation for the cases of hard and soft cores, = [ ____. L=16 NN |
lowest order equations by Kosterlitzext order RG equa- L=20 ‘\‘\\\\
tions by Amit, Goldschmidt, and Grinstéiand Timm? and 001 —— 1L =24 AN 1

the equations of Minnhagen and WallihAll curves are KT 001 005 003 004 o005 006
transition lines except the low-part of the bottom curve, T

which is a first-order line; the KT part of the bottom curve

extends betweef~0.144 andT=3;. We see that the KT FIG. 3. (a) Specific heat as a function of temperatirat fixed
lines from all determinations commde close to the pointchemical potentialsy = 0.015,0.01, . . ,—0.02, from left to right,
(T,2)=(3,0) in the phase diagram, but otherwise they devi-or a system of hard-core vortices. The system size is 20 The
ate significantly from each other. The agreement is expectedurves are formed using the multiple histogram mettRdf. 26
because, close to this point, all theories are exact by corfrom three simulations at the parametdrs 0.0368, 0.0324, and
struction, and this shows that the simulation works as exe.0275 andu=0, 0.005, and 0.01, respectivelyp) Location of the
pected. It is, however, clearly seen from the figure that theeak in the specific heat as a functionoffor several system sizes.
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function of temperature for a number of fixed chemical po-

tentials. If the phase transition is of the KT type, there is no 18 kN

divergence in the specific heat Bf(w«), but there is a peak EN A

at a somewhat higher temperat@rén the figure we see that, 1.4 7 s & o

as the chemical potential is increased, the peak moves to ‘\&\& [y

lower temperature and becomes sharper and higher, until it 12+ 7 ‘ .
reaches a maximum arourit=0.03, where it starts to de- = 6 0.005 0.0
crease. A possible explanation of this change of behavior = 1 E |
would be that the KT transition is replaced by a first-order c—obL=12 : .

transition line at lower temperature, ending at a critical point H——L=16 S

with a diverging specific heat. Indeed the peak in the specific 08 o—=L= N S @&&
heat show strong finite-size effects in the whole parameter L—AlL=24 \s\@\gﬂg\g
region depicted in the figure. Further support of this interpre- 06 ‘ ‘ ‘ AL S O
tation is found using the histogram methods described below. 0028 0.03 0.032 0.034 0.036

It is difficult to give an accurate estimate of the critical ex- T

ponents, since we do not know exactly where the critical
point is. Our results are, however, consistent with a value of FIG. 4. Free-energy barriexF determined from histograms of
roughly a/ v~1.6. the Boltz_mann factors in the simulation of vortices with hard cores.
The location of the peak in the specific heat for the hard{NSet: histograms of the Boltzmann factoFs vs energyE at
core case for different fixed temperatures and system sizés~0-008 andT~0.029. The figure shows three different behav-
forms the curves in theT(x) plane shown in Fig. ().  |O'S: At low temperatureAF grows with increasing system size,
Close to these curves we do a more detailed analysis. We u dicating a first-order transition line, endln_g at a critical point at
standard histogram methods, together with a smoothing pro-wo'032 where all curves Cross. Abqve this temperature t.he free-
- energy barrier decreases with increasing system size. The first order
cegiure descr_lbed below. The proceq_ure to locate parametﬁﬁe at low temperature replaces the KT transition line which starts
points that will extrapolate to the critical parameters in the p
thermodynamic limit uses histograms in two related ways?2! T~0-032 and goes up ©=3.
First, we use the multiple histogram methdlhis enables
us to extrapolate thermodynamic quantities to nearby valueson of the critical parameters for each system size.
of © and T, which avoids expensive simulations at every Figure 4 shows the result of the histogram analysis, for
point. Second, we use histograms to distinguish betweethe case of hard disks. The free-energy bari€rwas con-
continuous and first-order transitioflsWe constructed his- structed from histograms of the energy distribution in the
tograms using a very small bin size. This produces vensimulation. The inset shows typical such histograms of the
noisy histograms which were then smoothed by forming avBoltzmann factor$® vs energyE. Three regions can clearly
erages over the 16 nearest bins. Close to a first-order trandie seen. At low temperaturAF grows with increasing sys-
tion the probability distributionP(E) will have a double- tem size, indicating a first-order transition line ending at a
peak structure with one peak in each phase, separated bycsdtical point at (T,u)~(0.032,0.004) where all curves
minimum. An example can be seen in the inset in Fig. 4. Theross. Above this temperature, the free-energy barrier de-
free-energy barrier between the phases is defined bgreases with increasing system size. The first-order line at
AF/T==In(Pmax/Pmin), WhereP . is the value of the prob- low temperature replaces the KT transition line, which starts
ability distribution at the peak, anB,, is at the valley in atT~0.032 and goes up 6= 3. At the first-order transition
between. If the barrier increases with increasing system sizihere is a discontinuity in the particle density and in the
this signals that there will be a first-order transition in theenergy. None of the phases have any long-range positional
thermodynamic limit. If it decreases there will be no phaseorder. For soft disks we have not found any evidence of a
transition, and if it is constant there will be a critical point. (finite temperaturgfirst-order transition. A rough estimate of
This analysis is usually carried out for parameters at whichthe average of the fluctuating vortex density at the critical
the two peaks have equal heights. In our case, however, thendpoint isn~0.15, which is much larger than the value
histograms are highly asymmetric, which makes this criten=0.004 at the ftricritical point in the theory presented in
rion rather useless. Instead we use the following procedurdRef. 14.
For a given value of the chemical potential, we adjust the Simulations for discrete lattices give qualitatively differ-
temperature to the point where the two peaks have equant results in the high-density regime. Here one finds vortex-
weights We accomplish this by repeatedly smoothing theantivortex crystals at finite temperature and high chemical
histogram curve by averaging over neighboring bins until thepotential*® These phases have two distinct kinds of order:
peaks become symmetric, and then we adjustndT until  positional LRO of a staggered vorticity order parameter,
their heights become equal. This method gives a practicalommensurate with the underlying discretization lattice, and
way to approximately locate the parameters at the transitiora finite macroscopic dielectric function. Associated with
We find that for a givenu and system sizé., the points these are two separate finite-temperature phase transitions:
where the two peaks have equal weight form a curve in th@ne Ising-type transition and a KT transition. The Ising LRO
(T,u) plane, which depends slightly on the system size. Inis expected to disappear at any finite temperature in the con-
our case this curve coincides to a very good approximatiotinuum limit, when there is no pinning to an underlying lat-
with the location of the peak in the specific h¢aee Fig. tice, but both algebraic quasi-LRO and a finite dielectric re-
3(b)], which was used as a preliminary estimate of the locasponse function can in principle remain at finite To
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; transition temperature goes up somewhat when the discreti-
S ‘ ‘ (@) zation lattice is removed for this value of the chemical po-
\\ tential. To investigate whyl'. goes up when the lattice is
\! 1 removed, we looked at the vortex densities. For the same
W - parameters, the lattice case has somewhat higher vortex den-
e sity than the continuum case. This is because the pinning
potential of the lattice favors tightly bound vortex-antivortex
pairs, which leaves more space in the system for other vor-
tices. In(b) the chemical potential is positive,= + 1.0, for
which the correspondingT(=0) ground state is a vortex-
| antivortex crystal. Here the width of the charge distribution
is chosen as.=0.1 in units of the hard-disk cutoff diameter,
\ and the system size is>83 [this choice ofr increases the
0 0_65 0.1 0.15 0.2 tendency of the vortices to order in a vortex-antivortex crys-
T tal compared to our previous choicg=(1/y2)e”?]. Here
the KT transition temperature drops sharply as the discreti-
N P ) zation lattice is refined, and any finite dielectric function of a
\ \ \ // vortex-antivortex phase is unobservable at finite temperature
08 | ‘ \ N7 i in the continuum case. Also the transition temperature for the
\ \ N\ Ising-Type staggered order, which for lattice constantl

06 | \‘ p \\ is higher than the KT transition, approaches zero as the lat-
\ \

0.8

0.6 -

A
AN \Q;\

04 1 ST b
L

02 | T

e \ tice constant is decreased. This demonstrates that the finite-

P \ temperature crystal phases shrink down to zero temperature
04 ’\ ‘\ /{ . (or at least to smaller temperature than we could converge
- | numerically in the continuum limit.

02 ot/ | a=1/a \a=1/2 \a=1
P \\ \\ V. DISCUSSION
- | |
0 Lo O*f = 0o o We have constructed phase diagrams of the 2D continuum
. } 0.3 . .
T Coulomb gas from grand-canonical Monte Carlo simula-
tions, and compared it with varioapproximate analytical
FIG. 5. Inverse dielectric constant from MC data on lattices with"€SultS(see Fig. 2 We find that all results agree at small
a sequence of decreasing lattice constantsl, 3, %, & and 0, fugacity, as expected, but at finite fugacity various results
wherea=0 means a continuum simulation. @) the chemical differ significantly both quantitatively and qualitatively.
potential is negativey = —0.2, and the KT transition temperature ~ We studied two different cases, namely, vortices with and
goes up somewhat when the lattice is removed. The system size Without an additional hard-disk repulsion. In the case when
16X 16. In (b) the chemical potential is positive,=+1.0, and the  the interaction is purely Coulombic, we find that the transi-
width of the charge distribution is chosenras=0.1 in units of the ~ tion remains continuous, consistent with the KT theory, at
hard-disk cutoff diameter. The system size is 8. Here the KT ~ any negative value of the chemical potentiedrresponding
transition temperature drops sharply as the discretization lattice ito fugacitiesz=e*/T<1). At =0 the system goes normal,
refined, and any finite dielectric response function of a vortex-and the CG model breaks down. On the other hand, when a
antivortex phase is unobservable at finite temperature in the corhard-core repulsive interaction is added to the Coulomb in-
tinuum case. The dashed line is the universal jump criterion for theeraction, we find evidence from finite-size scaling of the
KT transitione™ "=4T. The crossing points give estimates of the Monte Carlo data for a first-order transition at finite but low
transition temperatures for the different curves. temperatureT<0.032, and at a small positive value of the
chemical potential. Our critical endpoiiit=0.032 is roughly
investigate the relation between lattice and continuum simueonsistent with the one found in Ref. 18. We do not find
lations further, and to see what happens to the phase trangirst-order transitions at negative chemical potentials as in
tions found in the lattice Coulomb gas when the continuumRefs. 11 and 13-15.
limit is approached, we performed a sequence of lattice The existence of our first-order transition is related to the
simulations with decreasing lattice constants. change of ground state at the point where the chemical po-
Figure 5 shows data for the inverse dielectric constantential exceeds the Coulomb energy per particle in a square
1/e(0) for lattice constantsa=1, %, 3, % and 0, where vortex-antivortex lattice, with the lattice constant equal to the
a=0 means continuum simulation. [a) the system size is hard-disk diameter. This energy should be compared to the
16X 16 and the chemical potential is negatiye=—0.2, basic energy scale for creating vortices, the pair creation en-
which is in the region where the ground state is empty. Weergy, which is the total energy of a vortex-antivortex pair
first observe that the results of the simulations interpolatevhose hard disks touch. Both the crystallization energy and
smoothly from the lattice case to the continuum case as ththe pair creation energy depend very strongly on the ratio
lattice constant is decreased. This serves as a useful test thgtween the hard-disk diameter and the short-distance cutoff
the two different Monte Carlo programs for the two cases'. in the Coulomb interaction. Indeed we find that, in all
both converge. The data in the figure imply that the KTcases we tried, the value of at which the first-order tran-

0
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sition takes place is slightly above the ground-state crystal- 1

ization energy(but below the pair creation enengyt is in-

teresting to note, however, that this finite-temperature first-

order transition takes place not between the empty state and

the vortex-antivortex crystal, but between a gaslike low- 0

density phase and a liquidlike high-density phase, with no

long-range order. This is in contrast with simulations done  _

on an underlying discretization lattice, where the first-order

transition is to a vortex-antivortex crystsl. R
To investigate this effect further, we performed a se-

guence of lattice simulations with different lattice constants,

a=1, 3, 7, 3, and 0. We find that the extent of the LRO

vortex-antivortex crystal phase shrink rapidly towards zero 2

temperature with decreasing lattice constant, leaving no sign

in the continuum case, at least for the parameters considered T

by us. We cannot, however, rule out the possibility of quasi- . ) . ) .

LRO, orientational order, etc., at lower temperatures than FIG. 6. Phase diagram with snapshots of typical configurations

could be safely converged in our simulations. It should bdnserted. The cross marks the critical poifft £) ~(0.032,0.004) at

mentioned that in this parameter regirtiegh density, low which the KT _Ilne changes to_flrst order._ The displayed shapshots

temperaturkit is very hard to converge the simulations, and are the following:(A) Superfluid vortex-dipole phase at low den-

all our results are for rather small systems due to limitations'Y" (B) Nonsuperfluid free vortex phaséc.).square vortex-
in what sizes we are able to converge safely. antivortex crystal ground state at small positive vortex chemical

. : . - : ; otential (negative core energy(D) Triangular (frustrated vortex
Our simulation gives only limited information about the P (neg 9y(D) gular( g

. . crystal above some threshold value of the chemical potertzl.
nature of the vortex-antivortex crystal melting,

. . . . and our '®"Characteristic 1D vortex-antivortex patterns in the regime where the
sults in this regime should be considered only as a firsfanqe vortex liquid evaporates.

guideline. Further insight may be gained from the related
problem of two-dimensional meltirf? The models used in triangular (frustrated vortex crystal above a second thresh-
studies of melting usually have distinct differences from theold value of the chemical potential. The crystal states are
one used here, namely, they contain only repulsive forcemdicated schematically in Fig. 6. We simulated down to low,
and no particle number fluctuations. Melting of a hard-diskbut finite temperatures, but did not reach low enough to ob-
system has been studied in detail using simulation methodserve any traces of these crystal states. We can therefore not
similar to ours>?-%A nontrivial dependence on short-range decide if crystalline order, with a finite dielectric response
details has been reportétiwhich motivates investigating the function, remains at small but nonzero temperatures. Long-
effect of softening the hard-disk cutoff in our model. Fur-range crystal order can also be destroyed at zero temperature
thermore, it has been demonstrated that the nature of thgy quantum melting, which is not included in our classical
melting transition requires going to large system $%z€, model. However, instead of crystalline LRO, we find the
which would be desirable also in our case. typical short-range positional correlations shown in the inset
To summarize our results, we will now discuss severain Fig. 6, close to the region of the first-order transition.
qualitative features of the phase diagram of the 2D CG witlThere are tendencies to form both 2D vortex-antivortex finite
hard disks. Figure 6 shows the phase diagram in The.Y  clusters and also characteristic 1D vortex-antivortex strings
plane, together with several snapshots of typical vortex conappear. The configurations are strongly fluctuating, with
figurations obtained in our simulations. Below the KT tran-strong density fluctuations, and a snapshot at a later time will
sition line the system is in a superfluid phase where all vorfook very different but with the same kind of typical posi-
tices present in the system are bound together in pairs dfonal correlations.
opposite vorticity. In this phase the vortex-vortex correlation  Qualitatively different phase diagrams containing vortex-
function decays algebraically so there is no LRO, but neverantivortex crystal states have been discussed in the literature.
theless the long distance macroscopic dielectric functit/hm  We do not observe the thermally created vortex-antivortex
finite, corresponding to a phase with finite macroscopic suerystals in superfluids/superconductors that were proposed in
perfluid density. Above the KT transition, free vortices ap-Refs. 32 and 33.
pear, and the macroscopic superfluidity is destroyed. Our Finally we will discuss the possible experimental conse-
simulation shows that this happens at any choice of theguences of our phase diagram. In the usual applications, like
chemical potential as long as it is negative. In Fig. 6, the KTsuperfluid and superconducting films, where the only vorti-
transition line extends somemall distance into the region ces present are due to thermal fluctuatidines., at negative
of positive chemical potential, and is then taken over by avortex chemical potential our simulations show that there
first-order transition line at low temperature and small posi-will always be a KT transition. According to our results,
tive chemical potential. first-order transitions can happen only when the creation en-
Our simulations are at finite temperature, but at zero temergy for a vortex pair imegativei.e., for a positive chemical
perature we have the following three distinct ground statespotential. To enter this parameter regime it is necessary to
an empty systentno vortice$ at low vortex chemical poten- have a short-range repulsion between the vortices, such as in
tial; a square vortex-antivortex crystal above a certain chemithe hard-disk model. We expect that this is not usually the
cal potential, which is always positive; and a close-packedase in superconducting or superfluid films, but it should not

0.3
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be excluded that quantum fluctuations could effectively leado at low enough temperature the vortex chemical potential
to this situation in peculiar cases. In any case our simulatiofis positive. Furthermore, the hard disks correspond very
shows that a KT transition is not the only possibility in this roughly to the Coulomb repulsion between the electric
parameter regime. An example of a physical system whicltharges. Thus the basic requirements for observing our first-
has many of the properties of our CG model in the parametesrder transitions are fulfilled, but clearly a more detailed
I’egime where we predict first order transitions is pI’OVided byana|ysis tak|ng into account, for examp'e, the |ong_range na-
spin textures in quantum Hall systems. In double-layer quangre of the electric Coulomb repulsion is needed. This moti-

tum Hall systems at the filled lowest Landau level, i.e., oneyates further simulations of this physical system using more
flux quantum of the perpendicular magnetic field penetrateseglistic models.

the sample for each electron in the 2D electron gas, a finite

temperature KT transition has been predidehd studied
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