
PHYSICAL REVIEW B 1 AUGUST 1998-IVOLUME 58, NUMBER 5
Dynamical universality classes of the superconducting phase transition

Jack Lidmar and Mats Wallin
Department of Theoretical Physics, Royal Institute of Technology, SE-100 44 Stockholm, Sweden

Carsten Wengel
Institut für Theoretische Physik, Universita¨t Göttingen, Bunsenstrasse 9, 37073 Go¨ttingen, Germany

S. M. Girvin
Department of Physics, Indiana University, Bloomington, Indiana 47405

A. P. Young
Department of Physics, University of California, Santa Cruz, California 95064

~Received 25 November 1997!

We present a finite temperature Monte Carlo study of theXY model in the vortex representation and study
its dynamical critical behavior in two limits. The first neglects magnetic-field fluctuations, corresponding to the
absence of screening, which should be a good approximation in high-Tc superconductors (k→`) except
extremely close to the critical point. Here, from finite-size scaling of the linear resistivity we find the dynamical
critical exponent of the vortex motion to bez'1.5. The second limit includes magnetic-field fluctuations in the
strong screening limit (k→0) corresponding to the true asymptotic invertedXY critical regime, where we find
the unexpectedly large valuez'2.7. We compare these results, obtained from dissipative dynamics in the
vortex representation, with the universality class of the corresponding model in the phase representation with
propagating~spin-wave! modes. We also discuss the effect of disorder and the relevance of our results for
experiments.@S0163-1829~98!05729-4#
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I. INTRODUCTION

Considerable confusion currently exists, both theoretica
and experimentally, regarding the dynamical universa
class of the zero-field superconducting phase transition
high-temperature superconductors. The short cohere
length in these materials leads to large, non-Gaussian
tuations, and there is some experimental evidence that
static behavior is that of the three-dimensional~3D! XY
model,1–8 as in thel transition in superfluid helium. The
dynamical universality class of thel transition in superfluid
helium is that of a two-component order parameter coup
to a conserved density that gives a propagating mode~second
sound in 4He; a spin wave in theXY spin model! in the
broken-symmetry phase. This is modelE in the notation of
Hohenberg and Halperin.9 However, the dynamical behavio
of a superconductor could be very different, since the lat
acts as a momentum sink destroying Galilean invarian
making the system more like helium in a porous mediu
The existence of disorder does not destroy the Goldst
mode in the ordered phase but it does affect the vortices
the normal-fluid quasiparticles that tend to equilibrate w
the lattice rather than comoving with the condensate.

Furthermore, ind-wave superconductors, scalar disord
causes pair breaking and quasiparticle branch recombina
that may make it inappropriate to assume particle num
conservation in the dynamics. There does not appear to h
been any work to date on this question.

A related issue is that of the role of the long-range Co
lomb interaction, which severely suppresses longitudinal c
rent fluctuations, leaving only the transverse currents ass
PRB 580163-1829/98/58~5!/2827~7!/$15.00
y
y
in
ce
c-
he

d

e
e,
.
e

nd

r
on
er
ve

-
r-
ci-

ated with vortices. However, it is also possible that the l
superfluid density and screening from the high normal f
mion density will turn on the low-energy longitudina
Carlson-Goldman fluctuations10 of the order parameter asTc

is approached. These microscopic fermionic effects may
ther confuse the data analysis and affect the width of
critical regime.

The issues raised above remain largely unresolved.
particular issues that we will explicitly discuss here are
role of magnetic screening and the role of disorder. In
extreme type-II system coupling to gauge fluctuations
weak,1 but nonetheless, in principle, magnetic screening
comes important extremely close to the critical point whe
the system crosses over to invertedXY behavior.11–13 The
static correlations related to this issue have recently b
studied numerically by Olsson and Teitel.14 Here we will
address the dynamics.

Most theoretical studies of critical dynamics inXY-like
spin systems have focused on Landau-Ginsburg represe
tions of the problem involving thephase~i.e., angle! of the
spin. For static properties, there also exist equivalent d
representations12,15–17in terms of interactingvortexdegrees
of freedom. Although the static properties of the phase a
vortex representations are the same, there is no reasoa
priori , why the dynamical universality classes should be
same.

For the reasons discussed above it may be more appr
ate, for superconductors, to consider a model with ov
damped dissipative dynamics of the topological defects~the
vortices!. This is the approach that we will take here.

To add dynamics to the the phase representation, one
2827 © 1998 The American Physical Society
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2828 PRB 58LIDMAR, WALLIN, WENGEL, GIRVIN, AND YOUNG
either include just dissipative dynamics, modelA,9 in which
case the dynamical exponentz is close to 2, or one can
incorporate the propagating~spin-wave! modes, modelE,9

for which z is exactly 3/2 in three dimensions (d/2 in d
dimensions!. For the vortex representation, which hasdis-
cretevariables, the natural dynamics is purely dissipative18

such as that generated by Monte Carlo simulations~in which
Monte Carlo time is equated with real time!. Naively, it
would seem unlikely that thedissipativedynamics of the
vortex representation would be in the same universality c
as the dynamics of modelE ~phase representation!, which
haspropagatingmodes. Surprisingly, recent results by W
ber and Jensen19 come to the opposite conclusion. They fin
for unscreened vortex interactions (k5`) and overdamped
dynamics, that the dynamical exponent isz5d/251.5, pre-
cisely the value one expects in modelE dynamics, and con-
siderablylessthan the value generally found with dissipativ
dynamics (z'2).

In this paper we present results of Monte Carlo calcu
tions of the dynamical critical exponents for the 3DXY
model, in the vortex representation, with and without ma
netic screening. For no screening, we confirm the unexpe
result of Weber and Jensen,19 while by contrast, for strong
magnetic screening, we find a rather largeenhancementof z.
Although it is known from the Harris criterion and verifie
numerically20 that uncorrelated disorder is weakly irreleva
at the 3DXY critical point, the effect of such disorder on th
dynamical properties is unknown.21 We therefore also inves
tigate the effects of disorder on the model with strong scre
ing.

II. MODELS

The model under investigation here is theXY model with
a fluctuating vector potential,

H52J(
^ i , j &

cos~f i2f j2l0
21ai j !1

1

2(h @“3a#2, ~1!

whereJ is the coupling constant~set to unity in the simula-
tions! and thef i denotes the phases of the condensate on
sitesi of a simple cubic lattice of sizeN5L3 with periodic
boundary conditions. The sum is taken over all near
neighbors^ i , j &. Additionally, we have a fluctuating gaug
potential ai j with the gauge constraint@“•a#50, and l0
denotes the bare screening length. The last term describe
magnetic energy, where the sum runs over all elemen
plaquettes on the lattice and the curl is the directed sum
the gauge potential around a plaquette.

In our work, the main focus is equilibrium vortex dynam
ics. However, vortices are onlyimplicitly present in the
above model through the relation

R ¹f~r !•dr52pn, ~2!

wheren50,61,62, . . . denotes the net vorticity encircle
by the integration contour. In order to analyze the critic
behavior of this model due to vortex fluctuationsexplicitly, it
is easier to go from the abovephaserepresentation of theXY
model to itsvortex representation. This is achieved by r
ss

-

-
ed

n-

e

st

the
ry
of

l

placing the cosine in Eq.~1! with the periodic Villain func-
tion and performing fairly standard manipulations12,15–17 to
obtain

HV5
1

2 (
i , j

ni•njGi j @l0#. ~3!

Here, theni are vortex variables that sit on the links of th
dual lattice ~which is also a simple cubic lattice! andGi j is
the screened lattice Green’s function

Gi j @l0#5J
~2p!2

L3
(

k

exp@ i k•~r i2r j !#

2 (
m51

3

@12cos~km!#1l0
22

. ~4!

In the long-range case,l0→`, the divergentk50 contribu-
tion has to be excluded from the sum and the constr
( ini50 has to be imposed. In the short-range case~finite l0)
this is not necessary. The transformations involved in go
from the phase to the vortex representation also yield
local constraints@“•n# i50, i.e., there are no magneti
monopoles~zero divergence constraint!. It is important to
note that the vortex representation does not contain s
wave degrees of freedom anymore, since they have b
‘‘integrated out’’ in the transformation procedure.

We will be interested in two limits of the above model:~i!
no screening (l0→`), corresponding to the extreme type-
limit ( k→`), where the individual vortex lines have long
range interactions;~ii ! strong screening (l0→0), i.e., short-
range interactions, which is supposed to be the correct
scription of a superconductor extremely close to the criti
point,1 though the size of the critical region where su
screening is relevant may be too small to be observabl
practice. In this limit the interaction reduces toGii
5J(2pl0)2 and GiÞ j50 @plus exponentially small correc
tions of order exp(2r/l0)#. We will in this case use units
where J(2pl0)251. The resulting Hamiltonian is of the
very simple form

HV5
1

2(i
ni•ni ~l0→0!. ~5!

Note, however, that this Hamiltonian is not trivial, since t
constraints on the local divergence effectively generate in
actions among theni . Note further that this is also the dua
representation of theXY modelwithout screening, in which
the temperature scale is inverted.12,17,22The static universal-
ity class of Eq.~5! is therefore exactly the same as that of E
~3! with l05`, and is given byXY exponents.23 The dy-
namical universality class, however, may be different a
determining it is one of the goals of our study.

In addition to the pure short-range model, we also stu
the short-range model with quenched random localTc . In
this case we replace Eq.~5! by

HV5
1

2 (
i ,m

j imnim
2 ~l0→0, j im random!, ~6!

wherej im is uniformly distributed in the interval@0.5,1.5#.
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III. MONTE CARLO SIMULATION
AND FINITE-SIZE SCALING

We simulate the following model Hamiltonians in th
vortex representation:~1! Eq. ~3! with l0→`; ~2! Eqs. ~5!
and ~6!, which correspond tol0→0.

We take simple cubic lattices of sizeL3 where 4<L
<12–64. Periodic boundary conditions are imposed.
start with configurations with allni50, which clearly satis-
fies the constraints, and a Monte Carlo~MC! move that con-
sists of trying to create a closed vortex loop around
plaquette.24 This trial state is accepted according to the h
bath algorithm25 with probability 1/@11exp(bDE)#, where
DE is the change of energy andb51/T.

Each time a loop is formed it generates a voltage pu
DQ561 perpendicular to its plane, the sign depending
the orientation of the loop. This leads to a net electric fiel26

E~ t !5
h

2e
JV~ t ! with JV~ t !5

DQ

Dt
, ~7!

whereJV(t) is the vortex current density, andDt51 for one
full sweep through the system, where, on average, an atte
is made to create or destroy one vortex loop per plaquet

The nonlinear I -V characteristics of the invertedXY
model can be modeled as the electric fieldE, due to vortex
current response in the presence of a uniform Lorentz fo
on the vortex lines, proportional to the applied current d
sity J.27 In addition, the linear response resistance can
calculated from the equilibrium voltage-voltage fluctuatio
via the Kubo formula28

R5
1

2T (
t52`

`

Dt^V~ t !V~0!&. ~8!

Here, ^•••& denotes the thermal average, and the volta
across the sample isV(t)5LE(t). The resistivity is r
5Ld22R.

Since we are working with lattices of finite lengthL, one
has to employ finite-size scaling techniques to extract
critical behavior. A detailed scaling theory has been dev
oped for superconductors by Fisheret al.1 and we now sum-
marize the results from it that will be needed for our da
analysis.

Near a second-order phase transition the linear resist
obeys the scaling law

r lin~T,L !5L2~22d1z!r̃@L1/n~T2Tc!#, ~9!

wheren is the correlation length exponent,z is the dynami-
cal exponent, andr̃ is a scaling function. At the critica
temperature, r̃(0) becomes a constant and therefo
r lin(Tc ,L);L2(22d1z). If we plot the ratio ofr lin for differ-
ent system sizes againstT, then

ln@r lin~L !/r lin~L8!#

ln@L/L8#
5d222z at Tc , ~10!

i.e., all curves for different pairs (L,L8) should intersect and
one can read off the values ofTc andz. We will refer to this
kind of data plot as theintersection method. With the values
e
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of Tc and z determined by the intersection method we c
then use a scaling plot according to Eq.~9! to obtain the
value ofn.

A similar analysis1,21 shows that, above a characterist
current scaleJnl , which varies as;L22 at the critical point,
nonlinear response sets in and the electric field varies as

E;J~11z!/2. ~11!

It is useful to locate the critical temperature from equili
rium properties instead of the dynamic scaling of the line
resistivity, since such simulations are easier to converge
the short-range case we do this by considering an ensem
with a fluctuating winding numberW, defined by

Wm5
1

L(
i

nim . ~12!

From the finite-size scaling relation

^Wm
2 &5 f @L1/n~T2Tc!# ~13!

we can locate the critical point in the short-range case, b
with and without disorder using the fact that the windin
number is scale invariant at the critical point. Unfortunate
different winding number classes are difficult to equilibra
efficiently in large systems in this model. To avoid this pro
lem we use anexactduality transformation from the short
range vortex models, Eqs.~5! and ~6!, back to anXY phase
model with a Villain interaction:15,12

ZV5 (
$nim%

d¹•ni ,0
expS 2S 1

2TD(
im

j imnim
2 D

5E
0

2p F)
i

du i G (
$mim%

expS 2(
im

S T

2j im
D

3~u i2u i 1em
22pmim!2D ~14!

~a constant prefactor was suppressed in the last equa!.
Performing the sum over the integer dummy variablesmim
leaves a phase-only model. This phase representation al
us to take advantage of the Wolff algorithm in the simulati
that largely circumvents problems of critical slowing dow
and equilibration in the limit of large system sizes.29 The
spin-wave stiffness of the dual model is given byrs

5]2f /]Ãm
2 uÃ50, where Ãm is a constant vector potentia

added to the phase gradient in Eq.~14!. This is related to the
winding number fluctuations in the vortex model byrs

5TL22d^Wm
2 &. We again emphasize that the duality tran

formation we have used is exact and introduces no syst
atic errors in the determination of the critical point.30

IV. DATA ANALYSIS

In this section we analyze our simulation data for theXY
model in the vortex representation, starting with the mode
Eq. ~3! with long-range interactions, i.e., neglecting scree
ing (l0→`).
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A. Long-range interactions

In Fig. 1 we show the data for the linear resistivityr lin
plotted versusT obtained from a simulation of the Hami
tonian ~3! with l05`. One observes that at high temper
tures (T53.1) there is hardly any size dependence in
data, consistent with a correlation length that is smaller t
the system size. As one goes to lower temperature, the
dependence becomes stronger. This indicates critical be
ior, since in the limitL→` the linear resistivity should go to
zero belowTc .

However, since it is impossible to locate the critical te
perature by this kind of plot, we show in Fig. 2 the same d
of Fig. 1 plotted according to the intersection method. T
curves intersect at approximatelyTc53.01 (60.01) andy
'20.45 corresponding toz51.45 (60.05), very similar to
the result of Weber and Jensen, who findz51.51 (60.03).19

Also, the value ofTc agrees nicely with the one obtaine
earlier from simulations by Dasgupta and Halperin.12

Having establishedTc andz we can now perform a scal
ing plot of the data according to Eq.~9!. In Fig. 3 we plot
r linL22d1z vs L1/n(T2Tc) and find that the data collaps
best with Tc53.0160.01, z51.560.05, and n50.66

FIG. 1. Linear resistivityr lin vs T for the vortex model of Eq.
~3! without screening, i.e.,l05`.

FIG. 2. Linear resistivity, plotted according to theintersection
method, vs T with the data of Fig. 1. At the intersection one ca
read off Tc'3.01 and y'20.45, corresponding toz'1.45
(60.05).
-
e
n

ize
v-

-
a
e

60.01. This independent result confirms that the dynam
scaling ansatz forr lin yields the expected value of the corr
lation length exponentn as well as a consistent value forz.

B. Short-range interactions

In this section we will first describe how we locate th
critical point of the pure and disordered short-range mod
defined by Eqs.~5! and~6!, using finite-size scaling analysi
of Monte Carlo data for static quantities. Then, using d
namic scaling analysis we determine the dynamical ex
nents both from equilibrium vortex dynamics simulatio
and from driven nonequilibrium simulations.

In our simulations of Eq.~5!, we used 1062107 sweeps to
calculate averages, and discard the initial 10% of the data
equilibration. For the disordered case we average over
2100 samples to obtain small fluctuations.

As noted earlier, for the purpose of locating the critic
point as precisely as possible for both the pure and rand
short-range models, we found it convenient to perform
exacttransformation from the invertedXY model back to the
phase representation. This is especially useful for the di
dered case where extreme efficiency and accuracy are ne
to compensate for the extra computational cost of disor
averaging.

We compute the spin stiffnessrs using the Wolff algo-
rithm to overcome the critical slowing down and the difficu
problem of equilibrating different winding numbe
classes.29,20From hyperscaling,̂W2&5Ld22rs /T is scale in-
variant at the critical point.31 Thus curves for differentL all
cross atT5Tc as shown in Fig. 4. Using this method, w
find for the pure modelTc50.33360.001 ~which agrees
nicely with theinverseof Tc for the long-range model! and
Tc50.31360.001 for the disordered model. Of course, th
technique cannot be used to speed up the determinationz
since the Wolff algorithm intentionally does not represe
local relaxation dynamics. Note also that the values of^W2&
at the crossing points in Fig. 4 in the pure@Fig. 4~a!# and
disordered@Fig. 4~b!# cases agree within the error bar
which is what we expect from two-scale factor universality32

and the fact that disorder is weakly irrelevant to the stati
Simulations were then carried out at the measured crit

temperatures to compute the dynamics in the vortex re

FIG. 3. Scaling plot ofr lin according to Eq.~9!. Best scaling
was achieved withTc53.01 (60.01), n50.66 (60.01), andz
51.5 (60.05).
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sentations. In Fig. 5 the dynamical exponentz of the 3D loop
model is determined from Monte Carlo data for the line
resistivity computed from the Kubo formula, Eq.~8!.28 Using
r lin;L12z at T5Tc , and from a power-law fit to the data w
get z52.760.1. This value is consistent with, but more a
curate than, the result of Wengel and Young.22 We also veri-
fied that it is possible to collapse the data for different si
and temperatures using Eq.~9! with n'2/3.

In the case of the disordered vortex model, it is con
nient to determinez from the nonlinearI -V characteristics
instead of the linear resistivity. Driving the system out
equilibrium makes it cheaper to converge the simulatio

FIG. 4. Plot of Monte Carlo data for the the winding numb
fluctuations^W2& vs temperatureT for ~a! pure and~b! dirty 3D
screened vortex models. According to scaling theory~see text! the
critical temperature is where curves~formed by straight-line inter-
polation between data points! intersect.

FIG. 5. Determination of the dynamical critical exponent fro
MC data for the linear resistivityr computed using the Kubo for
mula for the pure screened vortex model. A power-law fit to
data~straight line! for T5Tc gives the exponentz52.760.1. Inset:
data plotted using the intersection method similarly as in Fig. 2.
curves haveL/L854/6 ~triangles pointing up!, 6/8 ~triangles point-
ing left!, 8/12~triangles pointing down!, and 12/16~triangles point-
ing right! and give the same values forz.
r

s

-

f
s,

which is desirable for the disorder averaging. Figure 6 sho
data for the nonlinearI -V characteristics. For the largest siz
studied,L564, it is reasonable to assume that the data ar
the range whereJ.Jnl;1/L2. Hence, according to Eq.~11!,
the dynamical exponents can be obtained from power-
fits of the formE;J(11z)/2 to the data atTc . The fits were
done in the current interval where a power law best descr
the data, leaving out the highest currents where satura
artifacts in the simulation limit the voltage. This giveszpure
52.6060.1 andzdirty52.6960.1. The small discrepancy be
tween these values is within the statistical uncertainty of
simulations, and the values are consistent with the expon
obtained from the calculation of the linear resistivity. Th
coincidence ofz for the pure model with the result of linea
resistivity gives a consistency test showing that the nonlin
I -V characteristics correctly determinez. In particular, our
model assumption of a uniform current driving the vortic
in the presence of the disorder does not seem to introd
any errors.

V. SUMMARY AND CONCLUSION

We have performed simulations of the dynamics of t
3D XY model in a vortex representation with and witho
magnetic screening. Without screening, we findz'3/2, in
agreement with earlier work of Weber and Jensen,19 who
note that this result agrees with the dynamical critical ex
nent of the phase model with spin-wave degrees of freed
model E.9 However, the spin-wave degrees of freedom a
separatedfrom the vortex degrees of freedom when going
the vortex representation15–17 and the remaining vortex de
grees of freedom have only dissipative motion. Hence
find it quite surprising that the exponents from spin-wa
and vortex dynamics agree numerically. We note that ther
some experimental evidence for superdiffusive 3DXY dy-
namics in superconductors withz;1.2521.5, but only for
the case of finite magnetic fields.8,6

e

FIG. 6. Determination of the dynamical critical exponent fro
MC data for the nonlinearI -V characteristics for system size 643.
Power-law fits~solid lines! in the interval of currents, where th
data are best described by a power law, with slope (11z)/2, deter-
mine z. The dynamical exponents in both cases agree~within the
statistical uncertainty! with the valuez'2.7 found in Fig. 5.
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One can try to argue that it is the long-range forces am
the vortices that account for the superdiffusive~i.e., z,2)
behavior. Indeed one can even argue that the spin wave
implicitly present since they are what mediate the long-ra
forces. However, we note that, in this model, the long-ran
forces areinstantaneousand not retarded. Hence it is still
mystery to us why the vortex model appears to be consis
numerically with modelE dynamics. Note that Lee an
Stroud,33 who measuredI -V characteristics on the resistive
shunted junction model~which is described by modelE dy-
namics! using Langevin~as opposed to Monte Carlo! dy-
namics, findz51.5 (60.5), as expected for this model.

The value ofz for the short-range case does not seem
be significantly affected by the disorder, and so disorder
pears to be irrelevant dynamically as well as statically.
both the pure and dirty case, however,z is significantly
larger than is usually seen in relaxational dynamics wherz
is typically only slightly larger than 2.9 There is some ex-
perimental evidence for such enhanced values ofz. Anlage
et al.4 find n51.060.2 andz52.6560.3. The value ofz is
measured directly at the critical point from the resistiv
scaling and is probably more reliable than the value ofn that
is measured somewhat more indirectly~necessarily! using
data away from the critical point.34 It is possible therefore
that the value ofn is actually consistent with the 3DXY
value of 0.667. Moloniet al.7 find z52.360.2.

These experimental values are consistent with the va
we obtain here. However, in the extreme type-II limit, t
inverted XY critical regime is expected to be very narro
and difficult to access experimentally. It is therefore uncl
n,
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at this point how significant this agreement is. Further wo
is needed to estimate more precisely the crossover poin
invertedXY behavior in real materials.

To conclude, we have raised a number of issues ab
experimental and theoretical uncertainties regarding the
namical universality class of the superconducting phase t
sition in high-Tc superconductors. Clearly considerably mo
work needs to be done to address this problem. One as
that we have not yet addressed is the effect of disorder in
case of long-ranged unscreened interactions. A second p
lem worth pursuing is the precise theoretical relationship
tween the various possible spin-wave dynamics in the ph
representation and the corresponding dynamics of the s
model in the various dual~vortex! representations.
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