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Phase diagram of vortices in double-layer quantum Hall systems
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We consider the finite-temperature phase diagram of a classical effective model of charged collective vortex
excitations in incompressible states with spontaneous interlayer coherence in double layer quantum Hall
systems. The phase diagram exhibits surprisingly rich structure, including a Kosterlitz-Thouless transition at
high core energy, crystal phases at low core energy, and a variety of transitions between the phases. Our results
suggest that alternatives to the expected Kosterlitz-Thouless transition are possible in double layer quantum
Hall systems.

Considerable interest has focused on the study of doubliationsl® The new feature of the merons is that they are
layer quantum Hall system®LQHS), both experimentalfy  electrically charged, and this turns out to give an unexpect-
and theoretically.Recent fabrication progress allows experi- edly rich phase diagram. In the end of the paper we discuss
ments to approach a new regime, with interlayer spading implications for DLQHS.
comparable to the intralayer electron spacing, ultrahigh mo- We define our meron model on a square lattice by the
bility, and strong interlayer correlations. In this regime, agrand partition functior,
large variety of phase transitions driven by, for example,
thermal fluctuations, or interlayer tunneling, have been pre- Z:Trque‘BH, @
dicted by Yang and co-workefsThese predictions build on
recent progress in understanding the nature of charged col-
lective excitations in single layer systems by Sonethal*

In the limit of small Zeeman energy, the lowest-energy
charged excitation is a Skyrmion spin texture, with topologi-wheresis the vortex charge amgithe electric charge, and the
cal charge(monopole numbérm=+1, and extra electric trace is over §,0);=(0,0),=(1,=£1) on all sitesj. We
chargeQ= =+ ve, wherev is the filling factor. These are con- are working only at filling factorr=1 and constrain the
nected because the quantized Hall conductange- ve?/h net vortex and electric charge of the meron system to
implies that extra fluxb gives extra charg®= ved/d,5In  be zero.H is the Hamiltonian andN=ZX|s;|* is the number

a DLQHS we describe the layer degree of freedom in term®f merons. The vortex interactiok*(r)=Ina/r, and electric

of a pseudospin, which is a spin-1/2 degree of freedom deinteraction,V4(r)=a/r, are both cut off at the core radius,
fined as pseudospin ugown) if the electron is in the upper Which sets the lattice spacing (we will set a=1). We
(lower) layer. The real spin is assumed to be frozen out byuse finite lattices of sizeL? with periodic boundary

the magnetic field. The S@) pseudospin symmetry in the conditions to mimic the thermodynamic limit, and replace
single layer case is destroyed for finite layer separation, anthe interactions by the corresponding lattice Green’s
replaced by (1) symmetry? Analogous to the Skyrmion ex- functions: VS(r)=2#/L2S,.cexpk-r)/K?, and VI(r)
citations for thed=0 case, the low-energy charged collective =2m/L%S . oexpk-r)/K, where K?=4-2 cox,
excitations ford+0 are pseudospin textures called merbns. —2 cok,. The r=0 terms in the lattice Green’s functions
The merons are vortices in the(1) pseudospin field, carry- will effectively contribute to the chemical potentigliyg,

ing vortex charges=+1, and one half unit of topological = u+ u®+ u9, whereu®~ — /4 andu9~ —2a. The model
charge, and thus electric char@e= = ve/2. The four inde- has three effective parameters, and effective temperdture
pendent sign choices sfandQ define four meron “flavors.” =1/B, the core energ¥.= —u, whereu is a “chemical
This leads to a picture of thermally excited meron-antimerorpotential,” anda. We will discuss these in more detail in the
pairs, which is expected to have a finite temperatureend of the paper, but first we consider them as independent
Kosterlitz-Thouless (KT) transition®>®® If observed this input parameters and determine the phase diagram. Note that
would be the first example of a finite temperature phase tranvorticity and electric charge are coupled only through the
sition in a quantum Hall system. In this paper we presentonstraint that they are attached to the same particle, and that
some unexpected alternatives to this prediction. the model is symmetric undeg— —q, interchanging the

Statistical mechanics of merondle study the statistical (s,q)=*(1,1) and thes,q)=*(1,—1) meron pairs.
mechanics of the meron effective action constructed in Ref. The scaling dimension of the electric interaction;,, 18
3. Using real-space renormalization and Monte Carlo simudown by one power of length compared to the logarithmic
lation we construct the finite temperature phase diagram ofortex interaction, InX/ Hence, the electric interaction is
this model. It is useful to compare with the phase diagramexpected to be irrelevant at the KT transition, and to essen-
for the two-dimensional(2D) Coulomb gas(for vortices tially only renormalize the meron core energy. To take an
without extra electric chargewhich has been determined approach similar to Kosterlitz real-space renormalization
from renormalization equatiofisand Monte Carlo simu- group(RG) for the Coulomb ga&it is useful to temporarily

1
H= EiEj [sis;Va(rij) + aqiq;VA(ri;)]— uN, 2
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1.5 density limit we use Monte Carlo simulation. This also al-
0=0.5  —— MC four merons lows us to study the full four-meron model. Our simulation
T g'gtwomerons closely follows the simulation of the 2D Coulomb gas by
— fistorder line Lee and Teitet® Our MC algorithm consists of attempts to
1.0 | insert near-neighbor neutral pairs of merons on the sites of a
square lattice, and the attempts are accepted or rejected ac-
= cording to the usual Metropolis algorithm. We do not use

attempts to insert charged pairs, but such composite objects

o omaiote in the system may be formed dynamically in the simulation.

E--BRG u=0.15

05 ¥ ¥

Py Typically 1@ initial sweeps(a sweep is one update attempt
o1 o5 o for every sit¢ were discarded for warmup, followed by mea-
o surements taken over 48weeps. Most runs were done on
0-00.0 o1 0.2 0.3 lattices of size 1810, 14x14, and a few runs at 2020.

T Figure 1 shows MC result for the two- and four-meron
models fore=0.5, and the KT line from Eq<6,7). At small
enough chemical potentiad, the results of different determi-
equations, and from MC simulation of the two- and four-meron NatioNs c_)f the KT cr'ltlcal line COInCIde.. From '”(}F’r‘?"ed
models (Ising transition lines are not shown in this plot; see Fig. 2. f€normalization equatiorfsand from MC simulations it is
Inset: Increase in the KT transition temperature as a functios, of €xpected the KT transition in the Coulomb gas is replaced by
determined from RG equations, and from MC simulation of the@ first-order transition in the high fugacity limit. This hap-
four-meron model. pens in our meron model at the critical value of the chemical
potential .= 7/8+ aﬂ'/\/g, which can be obtained from the
restrict the model from four to only two meron flavors, by Fourier transform of Eq(2), as for the Coulomb ga$.At
keeping, for example, only thes(q)=*(1,1) pairs. The >, there is a dense crystal phdsehich is not contained
effectiye interaction cost q«(r) to_separatq a neutral test pair j, Egs.(6,7)], which consists of a lattice of merons with both
to a d|$tanpa, and_the correlation functiog(r) obey the staggered andq. In this region “flavor symmetry” is spon-
approximation refations taneously broken and the four-meron model reduces to the
two-meron model, where andq are no longer independent.
, (3)  The crystal undergoes a Kosterlitz-Thouless transition upon
increasing the temperature. The response funamea-
5 sures the stiffness also in the crystal phase, and is used to
g(r)=— — z2e Ve (/T (4) locate the KT transitions from MC data. At still higher tem-
a perature the crystal meltsot shown in Fig. 1; cf. Fig. 2
where €(r) is a renormalized response function, which we Phase diagrams for the four-meron model from MC simu-
take as lation are shown in Fig. 2. Increasing the temperature further
after the upper KT line takes the system into the metallic
T, o, phase, via either one or two Ising transitions, where the crys-
=1~ ﬁLd e, ®) tal order melts and flavor symmetry is restored. We can de-
. ) . fine two staggered order parameters for these transitions, one
a}nd z=e'xp(,u/T) is the fugacity. The;e self—consstent equa-for the vorticity, MS= 1/L¥|;:s(i,j)(— 1) *1]), and one for
tions 2|n terms of renormalized variables,z(l) the electric chargel\/lq=1/L2J(|2ijq(i,j)(—1)”j|) [here |
=(r/2)°z exp —Ver(r)/2T], T(1)=Te(r), wherel=lInr/a, (j) denotes the (y) coordinaté. We locate the critical lines
yield the RG flow equations by finite-size scaling, assuming the values of the critical ex-
dT (1) 2m22%(1) ponents for the 2D Ising model, by locating points where
=— , (6) LY®M becomes independent of system sizeThis works

FIG. 1. KT transition lines fora=0.5 determined from RG

v _jr dr 1 «aa
A= | e\ T

2
dl = quite well for our MC data, indicating that the melting tran-
dZ(1) 1+ ae ! sitions are of Ising type. The four-meron model has separate
T=22(I) 4—W . (7)  melting lines forM® and MY. In Fig. 2a) «=1.5, and the

electric melting temperature is above the vortex melting tem-
These equations closely resemble the Kosterlitz equations fgerature. In(b) a=1, and the melting lines approximately
the 2D Coulomb gas, with a term added for the electriccoincide, and ir(c) =0.5, the order is reversed. As a simple
charge contribution. The KT transition is given by estimate of the special valué" where the lines coincide, we
Tee(l—2)=1/4 for all a, sinceae™'—0. Figure 1 shows determine the free-energy cost to divide the system into two
the KT critical line from integration of Eq$6,7) for =0.5, domains separated by a straight wall, which giu&s=0.78.
and the inset shows the dependence of the KT critical temAt =0, g will not crystallize. Ata«=0.1 we see in Fig. @)
perature onx. Neutral pairs become more strongly confinedthat theq crystal melts inside the vortex crystal phase. Fur-
upon increasingy, which causes the upward shift i, . thermore, the superfluid phase the dissipative metallic state
Equationd6,7) are only expected to be correct in the limit for q is reachedbeforethe KT transition. This transition is
of small fugacityz, i.e., small density. To study the high- signaled as a sharp drop in the stiffness, &g, for g. (The
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FIG. 2. Phase diagrams constructed from MC simulation of the four-meron model. The pha$@s areron dipoles(pseudospin
superfluid, (B) meron plasmametallio, (C) meron crystal(insulatoy, (D) vortex crystal with free defectgE) vortex plasma, andF)
electric charge plasma.

type of this transition is not clear to us although we call itwhere all quantum effects are neglected. This is justified for
Ising in the figure. Hence for sufficiently weakly couplegl  a dilute gas at finite temperature, where quantum effects nor-
dissipation appears already below the KT transition. mally merely renormalize the parameters in the classical ac-
Relation to DLQHSLet us now discuss various approxi- tion. This assumes that the action correctly captures the order
mations involved in our calculation, and the relation of ourparameter and the low-energy physics. One possible way that
results to DLQHS systems. this could break down is that the topologial objects in the
Vortex crystallization in the Coulomb gas case has beemyantum effective action would condense. There is however
considered in superfluid and superconducting fittfS. 1o reason to suspect that this would happen here, since pairs
These are similar to our meron crystals. One has to be carefiyk merons are fermions, not bosons. For our crystal ground

interpre}ing th‘?se result_s to physical systems. The square di§fates the effects from quantum fluctuations can be important
cretization lattice used in our simulations is reasonable for Rince they can melt the crystaisee below

dilute but not for a dense system. True long-range order To compare our results with experiments we must trans-

(LRO) in a 2D system with continuous symmetry Canno'[Iate the effective parameters in our model to physical param-
exist at finite temperature according to the Mermin-Wagner P phy P

theorem. At least we expect LRO to be replaced by quasi—eters' If we here denote our effecztive parametgrs_withsover-
LRO when the discretization lattice is removed, and crystalars we gét g=p2mp, Ba=pe’lder., and B(E.+E;
to be replaced by a dense liquidlike state whose short-range E¢) = BE., where B=1kgT is the physical inverse tem-
correlations are similar to those of a crystal. This is supferaturep the bare pseudospin stiffnesg,the core radius,
ported by renormalization calculations for the pure 2D Cou-and Eg=m/4 andEJ=2a are effective core energy contri-
lomb gas. Here evidence has been presented for a first-ordbutions from the periodic lattice potentials.
liquid gas-type transition replacing the KT transition in the  The Kosterlitz-Thouless transition discussed in this paper
high-density limit? This means that the anticipated KT tran- has not yet been observed. However, the experiment by Mur-
sition is not the only possibility in these system, and dependphy et al! has been analyzed within a pseudospin model in
ing on the parameters there might instead be first-order trarRef. 3, and support has been found for a transition driven by
sitions. an in-plane magnetic field. The in-plane magnetic field tran-
Further, we are working within a classical approximationsitions require a finite interlayer tunneling. In contrast, the
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zero-field KT transition studied here requires negligible tun-energy, but this is not expected to be the true ground state,
neling, because interlayer tunneling breaks ttig¢)ldymme-  which is instead believed to be a charge density wave. Thus
try and destroys the KT transition. There is reason to believéf our crystal state can be identified with the HF crystal, it is
that such experiments will be possible, since tunneling fallsot expected to appear.

off exponentially with layer separation, whereas the Cou- |n summary, we have studied the finite temperature statis-
lomb interaction that produces the interlayer correlationgjcal mechanics of an effective classical meron model moti-
only falls off like 1. vated by recent progress in understanding the nature of

~How would the phase transitions in the obtained phasgnarged excitations in DLQHS. We find an unexpectedly rich
diagram be observed? A KT transition is signaled in pr|nC|pIephase diagram containing, e.g., meron crystals for low core
by a “universal jump” in the pseudospin stiffnésas the

; T energy. Our results demonstrate that the previously antici-
temperature is tuned through the transition, and a sharp dr gy b y

) L " : O[5)ated Kosterlitz-Thouless transition is not the only possible
in the dissipation folT<T.. The other transitions predicted : . :

in our phase diagrams would be visible in thermodynamicou'[cor.ne of experiments on DLQHS, but one m_|ght msteaq
quantities, e.g., a first-order transition is signaled by a laten et a first-order transition. However, a more detailed analysis
heat T than the one presented here is needed to establish to what

In a recent Hartree-FockHF) calculation by Yang and gxte_nt our results actuglly apply to DLQHS. This adds mo-
MacDonald® the regime of layer spacings where the merontivation to further experlmentql study of DLQHS, and also to
picture is valid was estimated. The core energies in the HEOOK for other systems described by our model.
approximation, translated to our effective core energy, are
inside our crystal state, i.eE/F<ESYS®@ This may however We thank Steven Girvin and Kun Yang for very stimulat-
depend on uncertainties in details of the translation betweeing and helpful discussions. This work was supported by the
the different calculationésuch as precisely how to define the Swedish Natural Science Research Council and by the Swed-

meron core, et¢. HF has a crystal ground state at low coreish Institute.
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