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‘We have calculated the dynamical transverse and longitudinal spin-correlation functions for the
two-dimensional Heisenberg antiferromagnet at zero temperature, by the Dyson-Maleev spin-wave
theory to second order in perturbation theory. The transverse correlation function is characterized
by a dominant one-magnon peak and & broad three-magnon continuum. For spin 1/2 the contri-
bution of the three-magnon excitations is small but not negligible, and might be detected in highly
sensitive neutron-scattering experiments in the undoped layered cuprates. We have also computed
the transverse equal-time correlations and compared the results with recent series-expansion esti-
mates. The good agreement between the two formalisms reinforces the validity of spin-wave theory.
The longitudinal structure factor, to leading order, displays a two-peak structure similar to that
obtained by the Schwinger-boson mean-field formalism. The magnon interaction reduces the second
peak, in some cases substantially. We discuss how umklapp processes affect the multiple-magnon
excitations. We have finally computed the staggered magnetization and transverse susceptibility
corrected to second order. For spin 1/2 we find m = 0.3069 == 0.00020 for the staggered magnetiza-
tion, and Z, = 0.4844 4 0.00010 for the susceptibility renormalization constant, in agreement with
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the results obtained by other techniques.

I. INTRODUCTION

The magnetic properties of the copper oxide planes of
the high-T, materials in their insulating phase are be-
lieved to be correctly described by a square-lattice spin-
1/2 Heisenberg antiferromagnet, with a rather large ex-
change constant, J, of order 1500 K.! This fact has fueled
a renewed interest in the quantum Heijsenberg antiferro-
magnet, of which very few exact results are known. Sev-
eral analytical and numerical techniques have been devel-
oped over the years to study this problem. Among these,
spin-wave theory (SWT), developed many years ago,?
has proved to be a very useful and successful method.
SWT provides accurate results for many physical quan-
tities, even for the relevant and difficult case of the spin-
1/2 Heisenberg antiferromagnet in two dimensions, where
quantum fluctuations are strong. What is more surpris-
ing is that a renormalized version of the linear approxi-
mation of SWT is already in good quantitative agreement
with more sophisticated numerical techniques.3* All the
calculated higher-order corrections to linear spin-wave
theory (LSWT), in the expansion parameter 1/S, are
small but not negligible and further improve the LSWT
results.5® The only example which does not fit into
this nice and consistent picture is the spin-pair excita-
tion spectra, measured in Raman-scattering experiments
in the insulating phase of the cuprate materials.’® In
this case the simplest SWT approximation, involving the
scattering of two magnons,!! gives a spectrum which does
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not resemble the broad experimental line shape, with
nonzero intensity up to 4 times the energy of one magnon.
It was argued that this anomalous line shape is caused
by strong quantum fuctuations present in the spin-1/2
system which, in the SWT picture, appear as multiple-
magnon excitations overlapping and giving a large inten-
sity at high frequencies. This hypothesis seemed to be
confirmed by the calculation of the first three frequency
moments of the spin-pair excitation spectra by series-
expansion methods,'? which were found to be rather close
to the experimental results. A different conclusion came
from a recent spin-wave study of the Raman line shape,13
where it was shown that the most important correction
to the intense and narrow two-magnon peak comes from
four-magnon scattering, whose intensity is very small and
well separated in energy from the dominant two-magnon
contribution. Nevertheless, because of the large separa-
tion between the two- and four-magnon peaks, the first
two frequency moments are in good agreement with the
series-expansion estimates. In Ref. 13 it was suggested
that this result could well mean that the model used so
far in this problem is not correct. In particular, the effec-
tive coupling between light and the spin system is more
complicated than a simple spin-pair Hamiltonian because
of strong resonance effects, involving real charge-transfer
excitations,* which make it difficult even to speak of sim-
ple magnetic Raman scattering. A study of the resonant
Raman scattering will be presented elsewhere.
Corrections to LSWT appearing in the form of
multiple-magnon excitations are present also in the spin-
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spin correlation function or structure factor S(k,w) at
T = 0, which is the dynamical quantity measured
in neutron-scattering experiments. In contrast to the
problem of the Raman scattering, the coupling between
spins and neutrons is well understood.!® Therefore both
theoretical and experimental studies of the dynamical
structure factor are an ideal test of how important are
multiple-magnon contributions, which make the model
deviate from the LSWT picture. Igarashi and Watabe®
have computed the spin-wave expansion of the transverse
dynamical correlations by the Holstein-Primakoff (HP)
transformation and found that the second-order correc-
tion gives rise to a sideband with large intensity, cor-
responding to three-magnon excitations (up to 50% of
the dominant one magnon peak for short wavelengths).
This result is somewhat at odds with the very small
four-magnon continuum obtained in Ref. 13. In a re-
cent work Singh!® computed the equal-time transverse
correlations by series expansion around the Ising limit
and used the single-mode approximation to estimate the
spin-wave dispersion. He found gapless modes near k = 0
and k = (, ) with a spin-wave velocity larger than the
one obtained by the renormalized LSWT, signaling in-
deed the presence of higher magnons in the structure
factor. However, the multiple-magnon relative intensity
is not as large as in Ref. 6. Neutron-scattering exper-
iments with improved accuracy in undoped and lightly
doped cuprates are presently underway. We therefore
believe that it is important to have a precise estimate of
the multiple-magnon intensity and the frequency depen-
dence of the structure function. This is the central goal
of this work.

The first purpose of this paper is to recompute the
dynamical transverse correlations by using the Dyson-
Maleev (DM) spin-wave formalism. The DM formalism
has several advantages over the HP formalism. It is more
compact and can handle more easily and safely the sin-
gularities of the spin-wave interaction vertices. Further-
more, we will include a careful treatment of the umklapp
processes, which are essential to get the second-order cor-
rection right.” Umklapp processes were not included in
Ref. 6, and we believe this is the possible reason for some
problems in their results, as we will discuss in this pa-
per. We will show that the three-magnon continuum is
not negligible, but still always much smaller than the
dominant one-magnon peak. We will compare our in-
tegrated intensity and first frequency moment with the
equal-time correlations and single-mode approximation
obtained by series expansion. As a by-product of the
study of the spin-spin correlation function we will eval-
uate the second-order correction for the transverse spin
susceptibility.

In the second part of this paper we shall present a
study of the dynamical longitudinal correlation function.
One would naively expect that this quantity is not very
interesting in the presence of a broken-symmetry situa-
tion. However, because of quantum fluctuations, the lon-
gitudinal correlation function is nontrivial. We shall see
that the longitudinal line shape, to leading order, is the
same as the one obtained by the rotationally invariant
Schwinger-boson formalism of Arovas and Auerbach in
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the mean-field approximation, characterized by two nar-
row peaks and a one-magnon and a two-magnon excita-
tion. We shall also consider the first-order correction and
show how the magnon interaction modifies this two-peak
line shape. From the longitudinal correlation function
we will extract the staggered magnetization, corrected to
second order, and compare our result with those recently
reported in the literature. Again, we will show the im-
portance in this calculation of a correct treatment of the
umklapp processes.

The paper is organized in the following way. In Sec. II
we will define the different correlation functions, which
are the subject of this paper, and discuss their mean-
ing. We shall then review the basic elements of SWT in
the DM formalism. In Sec. III A we study the transverse
correlations, both dynamical and static. The longitudi-
nal part is discussed in Sec. IV. Finally, Sec. V contains
the conclusions of this work.

II. FORMALISM

In this section we give the main definitions of the cor-
relation functions that we are going to calculate, and we
summarize the essential elements of the Dyson-Maleev
spin-wave theory.

A. Definitions and general considerations

We consider the isotropic antiferromagnetic Heisen-
berg model on a 2D square lattice, described by the
Hamiltonian ’

H=JY8;-8;,
(25}
where J > 0, and the sum extends over distinct pairs of

nearest neighbors.
We define the time-dependent spin-correlation function

S(ka t) = (S(ka t) : S(_k’ 0)> 3

(2.1)

(2.2)

where the angular brackets denote the expectation value
in the ground state, and S%(k), a = z, y, 2, is the Fourier
transform of the spin operators, defined as

S°(k) = kerige.

1
Worsi ; e (2.3)
We assume that the lattice contains 2N sites. Here k is
one of the 2N wave vectors in the Brillouin zone of the
square lattice (which will be denoted as LBZ). The time-
dependent operators in Eq. (2.2) are meant to be in the
Heisenberg picture.

The quantity measured in neutron-scattering experi-
ments is the dynamical structure factor, which is given by
the time Fourier transform (FT) of the spin-correlation
function,

+o0
S(k,w) = / -g;r-e"“’tS'(k, £). (2.4)

—00
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By definition S(k,w) is a real, positive-definite quantity.
Furthermore, since we are at zero temperature, S(k,w)
is nonzero only for positive frequencies w > 0.

To study a situation in which the system has a
symmetry-broken ground state in the z direction, it is
convenient to write the spin-correlation function as the
sum of a transverse component and a longitudinal com-
ponent,

S(k,t) = P(k,t) + L(k,t) , (2.5)
with the transverse part defined as
P(k,t) = 3[P* (k,t) + P~H(k,1)], (2.6)
where
| PT(k,t) = (ST(k,t)S™(-k,0)), (2.7a)
P~*(k,t) = (S7(k,t)ST(~k,0)}, (2.7b)
and the longitudinal part
L(k,t) = (S7(k,t)S*(—k,0)) . (2.8)
Here, as usual,
S*(k) = S%(k) +1iS¥(k) , (2.9)
S~ (k) = 5%(k) —iS¥(k) . (2.10)
The structure factor can be rewritten as
S(k,w) = P*~(k,w) + L(k,w) . (2.11)

In order to obtain Eq. (2.11), the equality P*~(k,w) =
P~*(k,w) has been used.

If the ground state of the system were the naive Neél
state, the longitudinal correlation function would have
a trivial structure: just an elastic peak at the antifer-
romagnetic wave vector k = (w,w). However, even in
the presence of a staggered magnetization in the z direc-
tion, quantum fluctuations make the longitudinal part
nontrivial.

We shall also consider the “equal-time” correlation
function, defined as

zJ
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S(k) = (8(k) - S(-k))
+oo
= dwSk,w) ,

—00

(2.12)

which is a useful quantity, in order to characterize the
ground state of the Heisenberg model. It can also be mea-
sured directly in neutron-scattering experiments by inte-
grating the dynamical structure factor up to high enough
frequencies.

B. Spin-wave theory

We want to evaluate P(k,w) and L(k,w) within spin-
wave theory, where the existence of a nonzero staggered
magnetization in the 2z direction is assumed a priori.

As in two previous papers!>7 we use the Dyson-Maleev
(DM) transformation!”'8 to represent the spin variables
as bosons and therefore map the spin Hamiltonian into
a boson Hamiltonian. Details of the DM transforma-
tion and the derivation of the DM boson Hamiltonian
can be found in Refs. 13 and 7. Here we summarize the
main points. The DM Hamiltonian, obtained from the
spin Hamiltonian of Eq. (2.1), is the sum of a quadratic
term and a quartic term. The quadratic term is diagonal-
ized by a Bogoliubov transformation. The quartic term
is expressed in terms of the quasiparticle operators and
normal ordered. The total Hamiltonian finally reads

HDM = const + Hy + Vpum - (2.13)

The quadratic part Hy is given by

Ho =Y Qmaxer(ofon + BlA) , (2.14)
k

where Qmax = J2Sa(S), a(S) = 1 + 0.157948/2S, and
ex = (1 —72)'/2. Here

1 Z sak-s _ Coskza + coskya
— e = ————

- - . - (2.15)

T =
&
and the sum over § is over the z =4 (for the square lat-
tice) unit vectors connecting site ¢ with its nearest neigh-
bors. a is the lattice constant. a;f‘, oy, ﬂ;fc, and Py are
magnon creation and annihilation operators.
The quartic part of the Hamiltonian is written as

Vom = —2 > (1 +2-3—4) [v1‘§§4aia$a3a4 + Vil Bacrsarg + Vighsol of Blos

4N 1234

+V1(§3)4O‘Ia3ﬁ11[32 + "1(25:34ﬁiaaﬁ2ﬁ1 + 1/1(263)4ﬁ1ﬁ§a£ﬁ1

+Vised ol BLBL + ViSl6: Bacacrs + Vi(:a)ﬁiﬁ;ﬂsz .

(2.16)

We shall use the abbreviations 1 for k;, 2 for kg, and so on. In Eq. (2.16) the Kronecker delta 6a(l +2 —3 — 4)

expresses the conservation of momentum to within a reciprocal-lattice vector G. The vertex functions V® = 1/1(2':);4,
i =1,...,9, are the DM vertices. Their explicit expressions can be found in Ref. 13, where we discuss how to
implement umklapp processes that are possible when G # 0. The umklapp plays an important role in calculations
beyond linear spin-wave theory,"141? as we shall also see here. The DM transformation is the most convenient and

compact way of handling the infrared singularities of the spin-wave interaction vertices.?°
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In terms of the quasiparticle operators a and 3, the Fourier transforms of the single spin variables are, for sublattice

A,
Z etk r; S+
rzGA
11 :
=+/25 I:Duk(ak - xkﬁlf() - TS’--‘N— Z 5(;(1{ —2—-3- 4)“2“3“4(.’1:3$4a£ﬁ§ﬁ1 — m2ﬂ2a3a4)] , (2.17)
234
Z eikTi g \/ﬁuk(a{( — 21Bk) (2.18)
l‘zEA
Z ezk r: Sz
r €A
= VNSDéy,o — ﬁ Z‘SG (a—qd' - kuquy [a‘\qaq/ + xqmq’ﬂ;lﬁq —Tq 21'0‘11 - mqﬂqaq'] , (2.19)
qq’
and for sublattlce B,
SH(k) = Z e Sf
r €B
1
=28 [Duk(ﬂlt — TOg) — SN 25@‘. — 2 — 3 — 4)pguougus(zsrefroay — za0b ] /34)] ) (2.20)
234
S5 (k) = Z "3 S5 = V2Suy (B — ) » (2.21)
r €B
S5 (k) = Z e’k g7
r €B
1
= —V/NSDék, + TN Z bc(q — q' — k)pguquy quqfaflaqf + ﬂ:;,ﬂq - xqﬂ;,a}; - xq/ﬁqaq:] , (2.22)
qq’
[
with guished between sublattices. In order to probe the whole
T+ e LBZ, which is relevant for experiment, it is not enough
Uy =" s (2.23)  to consider
= (2.24) 5(k) = SE(k) + Sp(k) , (2.27)
T = 4 ——— . .
1+ e when k is confined inside the AFMBZ. In addition to
1 2 o these variables, which we will call uniform, it is necessary
=|1- SN Z T Uk to introduce the staggered variables
radl
( . 0.39320) 0,95 Q*(k) = Sa(k) — S5(k) . (2.28)
a 28 ' (225) Alternatively, @%(k) can be obtained from S%(k) if we

Note that the wave vector k of these Fourier trans-
forms lies within the antiferromagnetic Brillouin zone
(AFMBZ). G is again a reciprocal-lattice vector with re-
spect to the same zone. In Egs. (2.20) and (2.22), the
quantity
¢G —_ eiaG-&, — eiaG’_., (2.26)
is a phase factor related to the umklapp processes. It
arises by taking the FT of the spin variables of the B sub-
lattice because we have chosen the convention of putting
the origin of the coordinates on one site of the A sublat-
tice, so that r; = r; + 6, for r; € B, where §, is a unit
vector taken (arbitrarily) in the z direction. The phase
¢ can only take the values £1.
We finally need to relate the Fourier transform de-
fined in Eq. (2.3), where no sublattice decomposition was

assumed, to Eqgs. (2.17)-(2.22), where we have distin-

allow k to vary within the LBZ, by umklapping the re-
gion {LBZ — AFMBZ} back to AFMBZ through the
reciprocal-lattice vector (of the AFMBZ) G = (m,m)/a.
This implies that, on the AFMBZ border, staggered and
uniform vaiables are equivalent. Therefore, if we use the
sublattice decomposition and take the wave vectors to
be inside the AFMBZ, we must introduce and evaluate
the following four correlation functions: two transverse
correlation functions (uniform and staggered)

Pi~(k,t) = (S*(k,1)5(-k,0)), (2.29)
Py~ (k,t) = (@*(k,1)Q™(-k,0)) (2.30)
and two longitudinal (uniform and staggered)
Lg(k,t) = (S*(k,t)S*(-k,0)) , (2.31)
Lo(k,t) = (Q*(k,1)Q°(-k,0)) . (2.32)
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The staggered correlation functions for k close to the
zone center actually probe a region around the antiferro-
magnetic wave vector, (m,7)/a.

For the standard many-body treatment of this prob-
lem, we finally introduce four corresponding time-ordered
Green’s functions, with the imaginary part proportional
to the spectral densities of the correlation functions de-
fined above. We define

P~ (k, t) = —i(T'S*(k,t)S~(-k,0)), (2.33)
’Pg;‘(k, t) = —i(TQ*(k,t)Q~ (~k,0)) , (2.34)
Ls(k,t) = —i(TS*(k,t)S*(—k,0)), (2.35)
Lo(k,t) = —i{TQ*(k, t)Q*(—k,0)) . (2.36)

We have
Pi~(k,w) = —%ImP;‘"(k, w), (2.37)

for w > 0, and so on.

IIT. TRANSVERSE
SPIN-CORRELATION FUNCTION

In this section we study the transverse spin-correlation
function, both dynamical and “equal time,” and we com-
pare our results with other works.

PE™ (ke w) = 25[u(l — s P[F (ko) + Fi (kyw) + Fly (k) + Fir (k)]

Pg~(k,w) = 28w (1 + o) PFd (k,w) + Fiy (k,w) ~ Fiy(kw) — Fio (k)]
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A. Dynamical structure factor

To make the evaluation of P$~(k,w) and PE(k,w)
in perturbation theory efficient we follow Ref. 21 and
introduce a Green’s-function matrix in terms of the spin
operators

2SFntr:(k, t) = _i(TSr-'r-),(ka t)Sr:(kv 0)) ’ (3'1)

where m,n = A, B, and another matrix related to the o
and B quasiparticle operators

2SF:;,_(k, (.U) = E(Uk)umFr;';; (ka w)(Uk)Vn ’ (32)

where m,n = A, B, and p,v = o, 8. Uy is the matrix
of the Bogoliubov transformation defining the o and 15]
operators:

(3.3)
(3.4)

(Ux)aa = (Uk)pB = uk ,
(Uk)aB = (Uk)pa = urzy .

The Green’s functions P~ (k,w) and PJ~ (k,w) can now
be written in a compact way in terms of Fi(k,w):

(3.5)

(3.6)

Using Eqs. (2.17)~(2.22) together with Eq. (3.2) one can finally write F17(k,t) in terms of the Green’s functions of

o and G:

)
Fi;(k,t) = DGau(k,t) + S5V > Sak+2 — 3 — dyuususug

234

_ 1
Fﬁ_{-ﬁ (k, t) :DGgﬁ(k, t) + M Z bak+2—3— 4)¢Guku2u;;'u,4

234

- i
F}7(k,t) = DGop(k,t) + 5N % Sa(k+ 2 — 3 — Duusuzus

- i
F37 (k,t) = DGpal(k,t) + 55V > ba(k +2 — 3 — 4)pgurusuzug

234

x [M£§£4<Tﬁ2(t>as<t>a4(t)a,t(o» + M), (Tof (1)} (t)ﬁz(ﬂa}:(o»] . (37a)
<[ MmO ®aO) + MBTE 0@, (6
x [Méé’34<Tﬂ2(t)ax(t>a4(t>ﬂk(o>> + M3 (T (1)63 (t>ﬁ1<t>ﬁk<o>>] , (370
x [Mééé‘;(:raz(tm ®)8}(H)aL(0)) + M;£§>34<Tﬂz(t>a3(t>a4(t>a,t(o»] ., (37d)
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with
1
ML, =

Mk234 = T3Tq4 — PGQTKT? .

~Zg3 + PG TKTITY , (3.8a)

(3.8b)

The four components of the matrix G, (k, t) are the one-
particle Green'’s functions for the o and 8 operators:

iGaa(k,t) = (Tou(t)ad (0)) , (3.8¢)
iGpp(k, t) = (TBL(t)Bw(0)) , (3.8d)
iGaﬂ(k: t) = (Tak(t)lgk(o» ’ (3.86)
iGa(k,t) = (TBL(£)ef (0)) - (3.8f)

The Greens functions G, satisfy a matrix Dyson’s
equa.tlon

Guv(k,w) = GQ (k,w)
+3 GOk, w)Sys(k, w)Gou (k,w) ,  (3.9)
where G’,w (k,w) are the bare propagators
(0) 1 1
alk,w) = o & e tin (3.10)
Ok, 1
s(k,w) = T R—— (3.11)
GO k,w) =GN (kw) =0, (3.12)

with @ = w/Qmax. The self-energy Z,s(k,w) can be
expressed in the usual kind of diagrammatics. The un-
perturbed o propagator Gg’g(k,w) will be represented
by a single-arrow line, and the unperturbed § propaga-
tor Gg}; (k,w) will be represented by a double-arrow line.
(We will follow the diagrammatical rules and conventions
used in Ref. 13.)

The first-order correction to the self-energy, which is
of order O(1/S) [here we disregard an overall factor
Qmax = JzSa(S)], is identically zero at T' = 0. The
second-order self-energy,?2 which is of order ©(1/5?), has
been studied in detail in Refs. 13, 7, and 14. There it
was shown that the second-order self-energy on shell is
small and positive, making the magnon dispersion 24 %
stiffer. The correct treatment of the umklapp is essential
to obtain these results.

We now need to carry out a similar perturbation ex-
pansion for the four Green’s functions appearing inside
the square brackets of Eqgs. (3.7a)—(3.7d):

(TBa(t)as(t)aa(t)af(0)) (3.132)
(TBa(t) s (t)xa(t) B (0)) (3.13b)
(T} ()8 (£)B](£)al 0)) , (3.13¢c)
(Tob(t)BL(2)B](£)Bx(0)) - (3.13d)

Note that these Green’s functions appear multiplied by
a factor of 1/25. Therefore, since we know that each in-
teraction carries essentially a factor of 1/2.5, a naive 1/5
power counting suggests that it is enough to expand these
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Green'’s function up to first order in perturbation theory,
to have a consistent series in 1/25 to second order. The
zeroth-order contribution is identically zero. To first or-
der there is just one Feynman diagram contributing to
each of these four Green’s functions. They are shown in
Fig. 1 and are easily evaluated by standard many-body
techniques. We can now write the matrix F~(k,w),
expanded to this order, in the following compact form:

Fi(,w) = 5— (DG, ) + L ()G ()]

(3.14)

with é’,“, = QmaxGpy- The explicit expressions of the
functions I, (k,w) are given in the Appendix, where we
also report the formulas for the second-order self-energy

(2) »(k,w). There is another more fundamental reason
to stop after first order in the evaluation of Green’s
functions given in Eqs. (3.13). This is due to the fact
that the expansion parameter of SWT is not simply 1/5,
but a more subtle quantlty related to the average boson
occupation number,?8 which is roughly proportional to
1/2.23:21 This is the reason that SWT is an expansion
in 1/28 rather than 1/S. The 1/z power of a given di-
agram is in turn related to the number of independent
momentum labels which is eventually summed over.24 As
shown in the Appendix, the first-order correction involves
phase-space integrals of the same order as the second-
order correction to the self-energy. Therefore it will have
the same 1/z power.

The formulas for F;~(k,w) obtained here are con-
siderably simpler than the correspondmg ones derived
by Igarashi and Watabe® using the Holstein-Primakoff
formalism. We are interested in the imaginary part of

4, (k,w). Let us consider the two terms in F};~ (k,w)
separately. For G, (k,w), we need expressions in terms
of the self-energy derived through Dyson’s equations?!

,1,

Gaalk,@) = _ ~ , 3.15

e ST ) (8.152)

. -1

Gpplk, @) = - , 3.15b
oot ) = e T Sk e) — i (3.150)

Gop(k, @) = Sap(k,®)Caalk,®)Cpp(k, @),  (3.15¢)

Gpalk,®) = Epa(k,&)Gonlk,®)Gaplk,&) , (3.15d)

with 3, (k, @) = 2= (k,&). In evaluating the spec-

kw v N kw v N
k4 k4

ko V) N kw Y/ G
4 4

FIG. 1. Four diagrams contributing, respectively, to the
four Green's functions given in Egs. (3.13) to first order,
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tral density of G, we need to distinguish between the
region (in w) characterized by a dominant é-function-
like peak, corresponding to one-magnon excitations, and
the region where a nonzero imaginary part of 3, gives
rise to a sideband corresponding to three-magnon exci-
tations. In the first case we are considering & close to
its resonance value. If we are interested only in positive
frequencies @ > 0, this resonance happens only in Ggq,
when
@~ ex + Baalk, ex) - (3.16)
In this region the imaginary part of £o, is negligible, and
we can make the single-pole approximation
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Im Goo(k, &) = —16(& — ex — Re S e (k,@))

= —78(@ — ex) Z (k) , (3.17)
with
-1
Z(k) = [1 - é%iw(k,w)] -
~ [1 + %ﬁaa(k, a;)] . (3.18)

There is no spin-wave pea,k~ in the spectral density of éﬁﬁ
for @ > 0. For Gop and Gp, the §-function peak again
comes from Gqq [see Egs. (3.15¢)—(3.15d)],

J

Im Gop(k, @) = —m6(@ — e [_d) o Sap(k, ek)] , (3.19)
Im é’ga(k, @) = —7wb(@ — ex) [—&,} i p fl,ga(k, ek)} . (3.20)

The second contribution to the spectral function of G, comes from regions where 3, (k,&) # 0 and has a branch
cut on the real axis. In this case we get

Im 5, (k, @)
[@ — €1 — Re Gaalk, )] + [Im Saa(k,@)]°
_ ImBaa(k,@)
- (@ — ex)?

Im G (k, @) =

A : - (3.21)

where we have neglected the self-energy in the denominator, because Im 5, is already second order in perturbation
theory. Similar expressions are obtained for the other components of the self-energy.

The second term in Eq. (3.14), I,.(k, w)é’f,?,)(k, w), can be treated in a very similar way. Now the §-function

peak comes trivially from G (k,w). Therefore the final expression of the spectral functions of F, (k,w) are (1) the
é-function peak

- D _ . [ 9 & 1
Im F7 (k,w) = (—7) o 6(& — ex) _1 + %Eaa(k, €x) + -Elaa(k, ek)] , (3.22a)
Im Fig (k,w) =0, (3.22b)
D 1 .
+_ — ~
tm () = (-7) 5 — ) |~ eslic)| (3.220)
Im F+_(k w) = (—W)-L(S(ZD —ex) -— L Eﬁ (k, ex) + —1—Ig (k, ex) (3.22d)
o 4 Qmax i & + €x a \ Py .D o ] ’
and (2) the three-magnon continuum
Im F7 (lyw) = =2 |t Tm Faa(l, 6) + T Tk, ) (3.23a)
o A Qmax | (@ — ex)? e Do —ex oA ’
T gy (k) = o | =T S5p(k, &) — = ——Tm g0, 3) (3.23b)
AB ’ Qmax (LT) + Ek)2 ’ Do+ex ’ ’
Im F5 () = o | — ey T S (ke &) — = =TI Lo (k, &) (3.23¢)
ap Omax | 02—z P Da+e 0
Im Fl (k,w) = D I__ L tms (k*)+i LI Ina(k, @) 3.23d
L A g B B G (8.23d)
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These expressions are again considerably simpler than gered and uniform structure factor for five different wave
the corresponding ones obtained by Igarashi and Watabe  vectors. As expected, the spectral functions are charac-
using the HP formalism.® Another difference with Ref. 6  terized by a -function peak, located at the one-magnon
is that we have kept all the factors D, o as they come out  excitation energy ek, and a sideband of three-magnon
from second-order perturbation theory, without explic-  excitations.

itly expanding them in 1/S. We have seen that the per- The transverse spectral function in LSWT approxima-
turbation theory in the magnon interaction is something  tion has just a one-magnon peak with weight 1. The
more subtle than a naive expansion in 1/S. In particu-  first-order correction comes from normal ordering the cu-

lar, the normal ordering of the spin operators introduces  bic terms of the spin variables [see Egs. (2.17) and (2.20]
quite naturally corrections to infinite order in 1/S, which ~ and simply renormalizes the intensity of the one-magnon
we prefer to keep unexpanded, having in mind mainly the  peak by a factor of D. This is easy to understand. The
S = 1/2 case. Finally, our expressions for the functions  normal ordering, or Oguchi’s correction, introduces fluc-
I'’s contain the umklapp phases, which were completely  tuations which reduce the magnetization and therefore

disregarded in Ref. 6. the spectral weight of creating a single spin wave. The

We have evaluated Egs. (3.22) and (3.23a) for sev-  second-order corrections cause both the further renor-
eral wave vectors in the AFMBZ, by numerical compu-  malization of the one-magnon peak and the appearance
tation of the various phase-space integrals in two differ-  of the the three-magnon continuum. The latter is the re-
ent ways, that is, by lattice summation and the Monte  sult of the off-shell decay of the one-magnon excitations,
Carlo method. The perfect agreement of the results ob-  due to the nonlinearities of the spin variables and the

tained independently from these two techniques gives us ~ Hamiltonian. Note that this process is possible only for
confidence in our numerical results. This is especially  energies larger than the one-magnon energy, which is a
important in the calculation of the multidimensional in-  threshold for the spectral density. The second-order cor-
tegrals defining the I functions, whose integrands con-  rection slightly modifies the intensity of the é-function
tain infrared singularities. As we discuss below it turns  peak. For the uniform part, this correction is always
out that the largest second-order contribution to the dy-  negative and larger at the zone center, where it is ~ 5%
namical transverse structure factor will come from these  of the first-order result, whereas it is less than 1% for
terms. On the other hand, as previously mentioned, the =~ wave vectors near the zone boundary. For the staggered
infrared singularities exactly cancel in the second-order  part, the intensity of the §-function peak increases by 3%
calculation of the self-energy, when the Dyson-Maleev  at the zone center and decreases by less than 1% at the
vertices are used, and the self-energy contribution to the  zone boundary. For both the staggered and uniform cor-

spectral function is rather small. relation functions, the absolute three-magnon intensity is
In Figs. 2 and 3 we show plots of the transverse stag-  very small at the zone center, where it is only 1.5% of the
0.01 0.35 0.35
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FIG. 2. Dynamical transverse uniform structure factor as a function of the frequency (in units of Qmax) for several values of
the wave vector. (d) and (e) are the cases considered in Ref. 6.
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FIG. 3. Dynamical transverse staggered structure factor as a function of the frequency (in units of Qmax) for several values of
the wave vector. (d) and (e) are the cases considered in Ref. 6. For wave vectors on the boundary of the AFMBZ the staggered

part is identical to the uniform part.

é-function peak, but it becomes increasingly important
when the wave vector moves from the zone center to the
the zone boundary. Here it is approximately 23% of the
one-magnon peak. These details are summarized in Ta-
ble I. Note that the uniform and staggered spectral func-
tions are identical for wave vectors located exactly on the
zone boundary, as one would expect from the definition
of the staggered part. A correct treatment of the um-
klapp phases is essential to get this point right.
Figs. 2(d), 2(e), 3(d), and 3(e) show the spectral func-
tions for the two wave vectors considered by Igarashi
and Watabe.® Comparing our results with theirs, we see
that the main features of the line shapes are similar, but
there are important quantitative differences, especially
for wave vectors close to the zone boundary. In con-

trast with our results, their second-order correction of
the one-magnon peak is very large and the three-magnon
sideband much more intense. For example, their uni-
form spectral density for k = 128x(1,0) has a sideband
intensity which is about 50% of the strongly decreased
one-magnon peak. Leaving out the possibility of numer-
ical errors, the reason of the discrepancy must lie either
in the different formalism (HP instead of DM) or, more
likely, in the fact in Ref. 6 the umklapp processes were
neglected. Indeed, for the wave vector k = 227(1,0),
the uniform and staggered spectral functions of Ref. 6
are rather different, in contrast to what is expected for k
close to the zone boundary [cf. Figs. 2(e) and 3(e)]. Fur-
thermore, in a more recent work Igarashi®® recomputed
the second-order correction to the spin-wave dispersion,

TABLE I. This table summarizes the results for the integrated intensity of the transverse struc-

ture factor, uniform (unif) and staggered (stag), for various wave vectors.

The second column

contains the absolute intensity of the §-function peak, the third column the absolute intensity of
the three-magnon continuum; the fourth column the total integrated intensity, and the sixth column
the ratio (in %) of the §-function intensity to the three-magnon continuum.

k § peak Three-magnon Total Three-magnon/é peak (%)
(1, l)% (stag) 0.625 0.0085 0.633 1.355
(1,1)& (unif) 0.572 0.0067 0.578 1.176
(1,1)5 (stag) 0.601 0.1389 0.740 23.10
(1,1)Z (unif) 0.601 0.1389 0.704 23.10
(1,0)X (stag) 0.613 0.1296 0.743 21.13
(1,0)Z (unif) 0.586 0.1240 0.710 21.16
(1,0)Z (stag) 0.622 0.0702 0.702 12.84
(1,0)% (unif) 0.573 0.0693 0.642 12.10
(1,0)4F (stog) 0.603 0.1389 0.742 23.02
(1,0)4% (unif) 0.602 0.1380 0.740 22.93




including a correct treatment of the umklapp, and ob-
tained the same result as us in Ref. 7. This seems to
imply that the HP and DM formalisms give equivalent
results when consistently applied. In fact, the equiva-
lence of the two formalisms in the calculation of on-shell
quantities had been already recognized a long time ago
by Harris et al.?! who, however, pointed out that the
HP formalism, in contrast to the DM formalism, is not
automatically self-consistent in calculations off the mass
shell, and so in these cases the two formalisms may dis-
agree. Therefore even if we believe that the main reason
of the disagreement with Ref. 6 is the missing umklapp
treatment, we cannot completely rule out the possibility
that HP and DM give a different result for this particu-
lar calculation, where off-shell processes play an impor-
tant role. Finally, a small but noticeable feature in the
staggered spectral function for wave vectors close to the
zone center is the tiny secondary sideband peak that is
present in our line shape at a frequency around @ = 2.8
and which is absent in the corresponding line shapes of
Ref. 6. Again, we ascribe this peak to umklapp processes
which are clearly more important for high frequencies or
short wavelengths.

B. “Equal—tlme” structure factor and single-mode
approximation

In this section we will consider the “equal-time” trans-
verse correlation functions, staggered and uniform,

PE () = (S*1)S~(—k)) = [ doPE-(k,w),
(3.24)
+o0
PA (k) = (@* (W)@ (k) = [ P (kw).
(3.25)

Both P3 (k) and P}~ (k) are easily evaluated by inte-
grating over the frequency the corresponding dynamical
structure factors studied in the previous section. As we
explained in Sec. I, from the knowledge of the uniform
and staggered components inside the AFMBZ we can eas-
ily reconstruct the total transverse correlation function
P+-(k) inside the LBZ, which is the quantity we are
ultimately interested in.

P*=(k) can give us a quantitative estimate of how our
approximations for the correlation functions deviate from
LSWT. More importantly, we can compare our results for
P*=(k) with the results obtained recently by Singh!® by
a series expansion around the Ising limit, believed to be
very accurate.

In the LSWT approximation the equal-time correlation
function is -

(k) = 25ui (1 — )2, (3.26a)
P37 (k) = 25uf (1 + zx)? (3.26b)
Since zy ~ 1 — k2 for k ~ 0, PF~ (k) vanishes linearly,

whereas P; (k) diverges like 1/k at the zone center.
These LSV‘?T results give us a hint of how the equal-time
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FIG. 4. Plot of P*~(k) as a function of ks, along the di-
rections kr = ky and k, = 0 in momentum space. The dotted

line is the LSWT approximation; the solid line is the sec-
ond-order SWT. For k. = 0 to ks = 0.5, P*~ (k) is equiva-
lent to the uniform Pg~(k), whereas for ky = 0.5 to ky = 1,
P*~ (k) coincides with the staggered Pg ~ (k).

correlation function P+~ (k) may behave near k = 0,
and k = (m,7), respectively, and suggest that to study
P*=(k) in these two limits it is useful'® also to eval-
uate P§~(k)/k and kP3~(k) near k = 0. In Fig. 4
we show Pt~(k) along different directions in momen-
tum space of the LBZ. In Figs. 5 and 6 we have instead
plotted P3 ™ (k)/k and kP~ (k), respectively, along dif-
ferent d1rect10ns in momentum space of the AFMBZ. The
dotted lines represent the LSWT result. In agreement
with Refs. 6 and 16, P*~(k) is decreased with respect
to the LSWT result. Mainly responsible for this reduc-
tion is the first-order correction, which renormalizes the
one-magnon peak by a factor D = 0.60684, whereas the
second-order correction increases the integrated intensity
by the contribution of the three-magnon sideband.

‘The results in Figs. 5 and 6 are qualitatively very sim-
ilar to the ones obtained by Singh by series expansion.18
We estimate

0.5
0.45
04
0.35
0.3
0.25
0.2
0.15
0.1
0.05

P g(k)/k

0.0 -
00 0.1 02 03 04 05 0.6 07 08 09 10
k. /m :

FIG. 5. Plot of P§~(k)/k as a function of ks, along the
directions kz = ky and k; = 0 in momentum space. The
dotted line is the LSWT approximation; the solid line is the
second-order SWT. Note that in this case k is restricted to
the AFMBZ.
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FIG. 6. Same as in Fig. 5 but for the quantity kP2~ (k).

Lim. PF=(k)/k ~ 2 x 0.10133 , (3.27)
. e ~
lim kP (k) ~ 2 x 0.9288 (3.28)

which should be compared with the series-expansion
analysis by Singh: 0.123 + 0.007 and 1.05 3= 0.10. The
factor of 2 here comes from our definition of the Fourier
transform of the spin variables [see Eq. (2.17)], since we
have divided the FT by 1/v/N, but the whole lattice has
2N sites.

Another interesting quantity to compute is the first
frequency moment of the transverse spectral density, de-
fined as ’ o

p1(k) = F(k)/PT=(k), (3.29)
where
F(k) = ([S*(k), H]S™(-k))
= (ST (k)(H — Eo)S™(—k))
= e dw wPt (k,w) . (3.30)

Here Ej is the ground-state energy and the square brack-
ets stand for the quantum commutator. The first mo-
ment is an estimate of the average excitation energy of
all modes contributing to the spectral function at a given
k. Equation (3.30) is also known as a single-mode ap-
proximation (SMA),?® because it can be interpreted as if
there is a single mode which saturates 100% of the “oscil-
lator strength,” F(k). In this sense p; (k) is a variational
estimate of the spin-wave energy-at a given k. The SMA
is equivalent to assuming that the variational wave func-
tion S+ (k)[+)), where [) is the exact ground state for H,
is an exact eigenfunction corresponding to a “spin-wave”
excited state at wave vector k.2® In Fig. 7 we have plot-
ted the LSWT magnon dispersion €y, the second-order
magnon dispersion €@ (k) = o(S)[ex + Saalk, ex)], and
the SMA dispersion egma(k) = pi(k)/(JSz) (here the
energies are meausures in units of JSz) as a function
of k, along the k; = k, direction in momentum space,
for 8§ = 1/2. P (k) was studied in detail in Ref. 7,
where we showed that it is roughly proportional to ey

"k

FIG. 7. Various “spin-wave” dispersions: The dotted line
is the SWT magnon dispersion in the linear approximation.
The dashed line is the SWT magnon dispersion corrected by
the second-order self-energy. The solid line is the spin-wave
dispersion obtained from the SWT transverse structure factor
and the SMA. The stars represent the same SMA dispersion
obtained by series expansion in Ref. 16. The dispersion is in
units of 2J. '

over the entire AFBZ, with a renormalization constant
Zgg[(k) = @ (k)/e(k) which varies smoothly between
1.18 and 1.20. This one-magnon dispersion is in excel-
lent agreement with the dispersion obtained in recent ex-
periments in La;Cu04.2” The SMA dispersion esyma (k)
behaves in a similar way and, in particular, it vanishes
linearly at k = 0 and k¥ = (w,n). The stars in the
plot are the SMA dispersion derived by Singh by series
expansion.'® The agreement between the two SMA dis-
persions is good for k; between 7/2 and 7 (correspond-
ing to the staggered part of the correlation function),
but worse in the region of k; between 0 and m/2. Note
that esma (k) derived by series expansion drops slightly
downward at k; =~ 0.4w. For a more quantitative com-
parison of the SMA and magnon dispersions, we intro-
duce the renormalization constant with respect to e,
Zsma (k) = esma(k)/ex. The renormalization constants
Zgz,(k) and Zgsyma (k) are plotted in Fig. 8, where the
Zgma (k) calculated by Singh by series expansion is also

0.0 0.2 04 0.6 0.8 1.0 »
k /7

FIG. 8. Dispersion renormalization constant defined as the
ratio of the spin-wave dispersion to the LSWT dispersion.
The dashed line is from the second-order magnon dispersion.
The solid line is from the SMA approximation. The stars are
from the SMA of Ref. 16.



reported. Near the zone center and the antiferromag-
netic wave vector, the series-expansion renormalization
seems to fluctuate considerably. The corresponding SW
result is smoother, but it becomes rather large in these
two limits. In fact, we estimate

lim Zgyia (k) = 1.7401 £0.0007 ,
lim | Zsma (k) = 1.5897 =+ 0.0006 .

k—(m,m

(3.31a)
(3.31b)

In Ref. 16 the limit behavior of the SMA dispersion at
k =0 and k = (m, 7) is estimated indirectly by extrapo-
lating from the middle of the zone the quantities plotted
in Figs. 5 and 6. The result obtained there is

lim Zgya (k) = 1.45 £0.10, (3.31¢c)
lim Zsma(k) =1.36 +0.13 . (3.31d)

k—(m,x)

The series-expansion estimate should be considered more
accurate, and we do not understand why the spin-wave
expansion is less effective than usual here. The ratio
of Zsw(k) to Zsma (k) is a quantitative measure of the
fraction of multiple-magnon excitations present in the
transverse spectral function, due to the nonlinearities of
the spin-wave formalism. Apart from the regions near
the zone center and near the antiferromagnetic vector,
our results imply that throughout the LBZ this fraction
is about 10-15 % of the total. This is in agreement with
the series-expansion result and thus further strengthens
the validity of spin-wave theory.

C. Transverse susceptibility

In this section we compute the second-order correc-
tion to the transverse static uniform susceptibility. The
transverse or perpendicular susceptibility is the quan-
tity that measures the response of the system to an
external magnetic field, applied in a direction perpen-
dicular to the staggered magnetization. Suppose that
we add to the Hamiltonian (2.1) a term of the form
Hy 3>, 5F. The perpendicular susceptibility is defined
as x1 = O(M,)/0H, , where (M) is the ground-state
expectation value of 5% >, SF. In linear-response the-
ory we can relate x| to the transverse uniform Green'’s
function studied before. One can see that

1 -
XL=-7 &1_% }}13](.] P (k,w). (3.32)
The LSW result is easily obtained:
X0 =1/227. (3.33)

We express the higher-order corrections in terms of a
renormalization constant defined as

Z, = XL

=L (3.34)
X0

which is then expanded in perturbation theory. To get
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the result to second order, we put the second-order ex-
pressions of F,,(k,w = 0), given by Eq. (3.14), into
Eq. (3.5), and take the k — O limit, remembering that
ug (1 — zk)? — €/2 in this limit. We obtain

1 ~ ~ < 5
ZX = m D - D(O’aa + O'Qg) + tae +zag] , (3.35)
where
. 5,(K0)
Ouy = lll—i% "T s (336)
R ¢ X))
tuy = ll% _Gk—— y (337)
and we have used the equalities
Oac =088 , (3.38&)
0fa = 0Ba » (3.38b)
Toe = 168 » (3.38c)
160 = 160 - (3.38d)

We have evaluated &aq; Gaa taas iae by Monte Carlo
integration. Near the origin these quantities are almost
k independent.

In order to obtain a 1/S series of Z,,, we need to expand
all the quantities and constants in Eq. (3.35) in powers
of 1/5. We obtain

0.551148
(25)

0.023194 + 0.00039

2572 +0(1/28)%.

Zy=1-—

(3.39)

For S = 1/2, the second-order correction increases the
value of Z,, from 0.4488 to 0.47204 + 0.00039, improv-
ing the agreement with the series-expansion results,®28
which gives &~ 0.52. Note that we do not expand Eq.
(3.35) in 1/S; the result is somewhat closer to the series-
expansion estimate, which is Z, = 0.48443 + 0.00010.
However, the second-order correction in Eq. (3.39) is
smaller than 0.0544/(25)2? obtained by Hamer, Zheng,
and Arndt?® and also smaller than 0.065/(25)? obtained
by Igarashi.?®> We have so far not been able to find the
reason for the discrepancy. Note that in both these two
works the umklapp phases seem to have been treated
correctly.

IV. LONGITUDINAL CORRELATION
FUNCTION

In this section we study the longitudinal correlation
function.

We start by rewriting 5% (k) and Q7 (k) in the following
form:
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ﬁ@=§%2ﬁ4ﬁ@m4m—m@m

+5@m@@—mwmy
=V N25Dé(k)

_# Z ba [ F(1,2) (el + ¢aBlpr)
12

Q*(k)

+ﬁ@m@@+m%my

(4.1)

where we have introduced the functions
f(1,2) = puivs + wius , (4.22)
fi (1,2) = pagvivs —uruz , (4.2b)

Lo(k,w) = —;lr-Im Ls(k,w)
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15 (1,2) = ¢aviuz + uavs (4.2¢)
fr (1,2) = ¢guiug — urvz, (4.2d)

and
Vg = —UKTk.

When we use Egs. (4.1) and (4.1) in Egs. (2.31) and
(2.32), we obtain lengthy expressions involving up to 16
two-particle Green’s function, which can be reduced to
eight by symmetry properties under af — 8. However,
it is easy to see that to get the same order of approxi-
mation in 1/25 that we got for the transverse correlation
function, we need to expand these two-particle Green’s
functions to first order in perturbation theory. It turns
out that, to first order, only 3 of the 16 contribute. We ar-
rive at the following equations for the longitudinal spec-
tral functions Lg(k,w) and Lg(k,w):

___,% > bc,(1-2-Kk)ba,(3—4+ k) f5(1,2)f5(3,4)

1234

x (—%) Im [—¢G1H(w) + Xa(w) + ¢G1¢G3Xb(w):' ;

Lok,w) = —lIm Lok, w)

1234

(4.3)
= 8NSD(SD — 265)6(w)s(k)
+—= Z bc,(1—2—Kk)ba,(3 —4+k)f (1,2)f+(3,4)
(=5 ) 1 [6.110) + x000) + Besberrn@)] (4.9
|
65@ = AS® = (~0.00354 +0.00020)2S .  (4.9)

where II(w), x,.(w), and Xb(w) are two-particle Green’s
functions defined as

T(t) = —i{TB1 ()2 (t) b (0)Bf(0)) (4.5)
Xa(t) = —i(To] (£)8}(£)B1(0)a} (0)) , (4.6)
X(t) = —i(TB1 (t)a () xa (0) 85 (0)) - (4.7)
The constant 65 is given by
-N Z [(1 . k) ((afow) + (BLw))
~ay ((od 8Ly + (akﬂk))] (4.8)

and can be calculated using the expressions for the one-
particle Green’s function derived in Sec. ITI. It turns out
that the leading order and the first order are identically
zero. The second-order correction can be shown to be
equal to the second-order correction of the spin reduction
of the staggered magnetization. The spin reduction is
defined as AS = S — (S7). We have previously obtained
the second-order correction!4

Therefore the staggered magnetization to second order is

= (S7) = 8§ —0.196660(25)° 4 0 x (25)~!

+0.00354(25) 2 . (4.10)
This value for the second-order spin-wave correction to
the staggered magnetization has also been obtained re-
cently by Igarashi?® using the HP formalism and by
Hamer, Zheng, and Arndt?® using both the HP and DM
formalisms. It disagrees with the results obtained in an
earlier paper by Igarashi and Watabe® and by Castilla
and Chakravarty,® where umklapp processes were not
treated correctly. For S = 1/2, Eq. (4.10) gives m =
0.3069 £0.00020, improving the agreement with the best
series-expansion estimate m = 0.307 £ 0.002.29:3

‘We now come to the perturbation analysis of the three
two-particle correlation functions defined above. To lead-
ing order it is obvious that only IT(w) contributes through
the process shown in Fig. 9(a), describing two noninter-



48 SPIN-SPIN CORRELATION FUNCTIONS FOR THE SQUARE-, ..

acting magnons of momentum k; and ks +k + G. The
imaginary part is

—%Im H(O)(w) = 51,462,35((;3 — €1 — 62) . (4.11)

Qma.x

J

1 1 1 6(w—e1 —e) —8(w — €3 —€q)
= (1) R 4) 1 2
( 71') Im I (w) Omaxda(S)S N 2431

18
Qmaxda(S)S N 2% ¢; + e +e3+€4

)
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To first order each of the three Green’s function has a con-
tribution, shown in Figs. 9(b)-9(d). While the first-order
correction to II clearly describes two magnons interact-
ing once, the other two graphs have a less transparent
meaning. Their imaginary part for w > 0 is

(*%) Im x{P (w) = .

Qmax4a(S)SN 2431 €1+ex+€3+¢€4 )

We then use Egs. (4.12)—(4.14) in Eqgs. (4.4) and (4.3),
and sum over the momenta. The first-order correc-
tion to II(w) is not easy to evaluate because the factor
1/(e1 + €2 — €3 — €4) causes convergence problems. How-
ever, we see that the integrated intensity (integral over
all the frequencies) of this term is identically zero. This
“sum rule” can be effectively used to control a regulariza-
tion parameter that we must introduce to get reasonable
convergence. The final result for the longitudinal spectral
function is plotted in Figs. 10 and 11 for several values of
the momentum k. The noninteracting line shapes (dot-
ted lines) display a double-peak structure, except for the
staggered part at k = 0, which has the expected elastic
peak at w = 0. The first of these two §-function peaks
occurs at the one-magnon frequency w = Q. €k, while
the second peak, located between Quaxex and 2Qmax, is
a two-magnon resonance with total momentum k. Note
that the two-magnon peak is more intense that the one-
magnon peak. We also want to emphasize that again the
umklapp phases affect the line shape even qualitatively.
If we neglect them, by setting ¢ = 1, the second peak
is completely washed out. This noninteracting longitudi-
nal line shape is remarkably close to the Schwinger-boson
mean-field (SBMF') result of Auerbach and Arovas.30 We

k, k Kk
(O XD

k, k, k,
(a) (b)
kK k K
k, k, 3 k,
(c) (d)

FIG. 9. Diagrams contributing to the two-particle Green’s
functions II, xe, and xs to first order. (a) Noninteracting
(zeroth-order) contribution to II. (b) First-order correction to
IL. (c) First-order correction to xa. (d) First-order correction
to X

, (4.12)

€1+ €3 — €3 — €4
O(w — €3 —€4) (4.13)
5(&)—61 —62) (4.14)

refer particularly to a paper by Chen and Shuttler3!
where the SBMF structure factor was compared to exact
results. The SBMF line shape for the structure factor for
T — 0 has also two peaks located exactly at the same
position of our spin-wave result, with the difference that
in the SBMF case the first peak is higher that the second.
This is intersting because it shows that in the T — 0 limit
the SBMF formalism, which is rotational invariant, ex-
actly reproduces the situation of spin-wave theory, where
a putative ordered state is assumed a priori.

When the magnon interaction is considered to first or-
der, the longitudinal structure factor is modified in the
way shown in Figs. 10 and 11 by the solid curves. It turns
out that the first-order correction coming from II(w) is
rather small and simply tends to redistribute the spec-
tral weight to lower frequencies by moving down the two-
magnon peak. This is similar to what happens in a more
dramatic way in two-magnon Raman scattering,'3 where
the magnon interaction, which is essentially attractive,
tends to form a lower-energy bound state. The first-order
contribution coming from x,(w) and x(w) is negative
for all the frequencies, with a peak at the two-magnon
energy. For some wave vectors this negative contribu-
tion is large enough to suppress substantially the two-
magnon peak, in agreement with the suggestion of Auer-
bach and Arovas®® that the gap between the two peaks
is an artifact of the mean-field approximation. However,
for other wave vectors [see in particular Fig. 10(c) for
the wave vector k = (7/2,7/2)] the two-magnon peak,
although reduced, seems to be robust against the interac-
tion. Moving towards the antiferromagnetic wave vector,
the two-magnon peak becomes in fact the dominant peak
even with the first~order correction [see Fig. 11{(c)] and
eventually merges with the one-magnon peak to give the
elastic peak at w =0, k = (m, 7).

V. CONCLUSIONS

In this paper we have studied the spin-spin correla-
tion function of the two-dimensional Heisenberg model
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at T = 0 by using the Dyson-Maleev spin-wave the-
ory. We find that the dynamical transverse structure
factor to second order in perturbation theory is char-
acterized by a é-function peak at the one-magnon ex-
citation energy (which is a threshold for the spectral
density) and by a continuum at higher energies due to

three-magnon excitations. The relative intensity of the
three-magnon sideband to the one-magnon peak is very
small (about 1%) for wave vectors near the zone center
and the antiferromagnetic wave vector, but it becomes
a non-negligible fraction (about 20%) near the bound-
aries of the AFMBZ. The amount of three-magnon exci-
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tations is, however, considerably smaller than what ob-
tained in Ref. 6. In contrast to Ref. 6 we have care-
fully included the umklapp processes which are impor-
tant in the calculations of the second-order corrections
and are, most likely, the reason of our different results.
However, we do not exclude that the DM formalism be-
haves differently from the HP formalism used in Ref. 6
for this kind of calculation. We have compared our re-
sults for the transverse equal-time correlations with re-
cent series-expansion estimates,'® finding good qualita-
tive and quantitative agreement. In particular, we have
evaluated the first frequency moment of the correlation
function which gives an estimate of the spin-wave dis-
persion in the SMA. As in Ref. 16 we have found lin-
ear gapless modes near k = 0 and k = (m, 7). The
SMA dispersion is approximately 1.4 0.1 times the lin-
ear spin-wave dispersion throughout the BZ, in agree-
ment with Ref. 16, except near k = 0 and k = (m,n),
where it is larger than 1.5. Note that near these two
points the SMA dispersion derived by series expansion
fluctuates considerably. This renormalization factor is a
about 10% bigger than the renormalization factor of the
magnon dispersion, corrected by the second-order self-
energy, and is a quantitative estimate of the mixing of
three magnons. Our results and the comparison with
the series-expansion calculations strengthen further the
validity of spin-wave theory and show that the contribu-
tion of multiple-magnon excitations, although detectable,
is always rather small and does not change substantially
the picture derived from the (renormalized) linear spin-
wave theory. New and more refined neutron-scattering
experiments at higher energies will be very important to
clarify the exact contribution of the multiple-magnon ex-
citations in the structure factor.
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We have also studied the longitudinal structure fac-
tor, which is nontrivial even in the spin-wave broken-
symmetry ground state, because of the presence of quan-
tum fluctuations. The leading-order approximation, in-
volving two noninteracting magnons, displays a line
shape identical to the one obtained by the Schwinger-
boson formalism.3%3! Tt is characterized by a é-function
peak at the one-magnon frequency ey and by a sharp reso-
nance at higher energies, identified as a two-magnon exci-
tation. Magnon interaction to first order suppresses con-
siderably the intensity of the two-magnon peak, except
near the antiferromagnetic wave vector, where this peak
remains the dominant excitation and eventually merges
with the one-magnon peak to give the expected elastic
peak at (m, 7). For wave vectors on the AFMBZ bound-
ary, along the k; = k,, direction in momentum space, the
two peaks remain stable, with comparable weight, even
after including the interaction. These results might be
checked expetrimentally.

Finally we have computed the second-order correction
to the staggered magnetization and to the renormaliza-
tion constant of the perpendicular static susceptibility,
improving further the agreement between the SW results
and the series-expansion estimates of these quantities.
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APPENDIX

1. Second-order self-energy
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2. Functions I,
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